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As previously noted, vectors on the sphere are discontinuous (multiple valued
at the poles) and therefore scalar spectral analysis cannot be applied to
the individual components like Fourier analysis on the rectangle. Important
examples for geophysical applications are the wind and the magnetic field.
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VECTOR FUNCTIONS ON THE SPHERE

The view of a polar neighborhood from above.

At point A the wind (vg ,v)) is in the direction of increasing 6
so vg(A) = +a.

At point B the wind is in the direction of decreasing 6 so vg(B) ~
—a.

Therefore vy is discontinuous at the pole P. More specifically,
as a function of A, vy descends like a spiral staircase from A to
B and then ascends back to A.



A DISCONTINUOUS VECTOR FUNCTION

Consider the velocity components of a sphere in solid rotation
about an axis through the equator.

In Cartesian coordinates the velocity components are:

which are continuously differentiable everywhere.

However, in spherical coordinates

v, = 0 , wvg = cosA , vy = —sinfsin\ (2)

where both vy vg are discontinuous (multivalued) at the poles.



UNBOUNDED TERMS

The discontinuous vector functions produce unbounded terms
in PDEs posed in spherical coordinates.

Consider the following term in the Navier-Stokes equations

1 82’09 _ QSiIleaU)\ _ (]
cos2f ON2  cos?h ON  cos?h

Ev = (3)

For solid rotation with axis through the equator

CcoS A\ sin2@cos A\ cos A\
Ev = —

= —2cosA. (4)

cos? 6 cos? 6 cos? 6

1. Although each term is unbounded - the total expression is
bounded.

2. The terms (not just coeflicients) are unbounded.

3. Unbounded terms are the rule rather than the exception.



UNBOUNDED DERIVATIVES

Consider the total time derivative of the velocity (vy,vp) of a
sphere in solid rotation about an axis through the equator.

dvy  Ov) vy Ovy v O0vy

gt ~ 0t acosOor T a 06 (5)

dvg  Ovg vy Ovg vyO0ug

gt~ Ot acosfON | a 00 (6)
Substituting vy = —sinfsin A and vy = cos A we obtain

dvy _ sin Acos A
dt  cosf

(7)

dvg  sin?\siné

= (8)

dt cos @

The total derivative of the velocity is unbounded at the poles
and hence not equal to acceleration.

“Metric” terms are required to compute acceleration. Of course
they are also unbounded.



UNBOUNDED DERIVATIVES
(continued)
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Figure 1: Total derivative of velocity in the neighborhood of the pole
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VELOCITY TRANSFORMS

Any unbounded term in a partial differential equation can be
combined with another or more to form a bounded differential
expression because the dynamics of the modeled process is of
course bounded.

The goal is to compute bounded expressions collectively because
otherwise the cancellation between larger terms can result in a
loss of accuracy and stability.

We therefore seek to identify the bounded differential expres-
sions. To this end we begin with the transform of velocity be-
tween the Cartesian and spherical coordinate systems. If

—sin \ Ccos A 0

Q = | —sinfcosA —sinfsinA cosf ()
cosfcos\ cosfOsin\  sinf

then the Cartesian velocity components (v, vy, v,) and spherical
components (vy, vg, v,) are related by

veLQ zﬂ- (10



BOUNDED DIFFERENTIAL E PRESSIONS

If we define
T X i
— Yy Yy y (11)
yA z z
and
1 A sm_g  _y 1 A _ A
cos cos
_ g S ) 1.6 = _9 (12)
COS COS
1 r _A 1_ 0 _r
COS
then it can be shown that
=Q Q . (13)

All the elements of are bounded because is bounded and Q
is orthogonal and norm preserving.



BOUNDED DIFFERENTIAL E PRESSIONS
(continued)

1. Since Q is orthogonal and norm preserving - the elements
of are also bounded.

2. The elements of provide the bounded differential expres-
sions into which the unbounded terms can be grouped.

3. All first order partial differential equations on the sphere
can be written in terms of the elements of  just like all
first order pde’s on a rectangle can be written in terms of
the elements of

4. All second order bounded differential expressions have also
been identified: SIAM J. Numer. Analysis, 18(1 81), pp.
1 1-210.



VECTOR SPHERICAL HARMONICS

We seek an alternate set of basis functions for vectors on the
sphere because the spherical harmonics (6, A) do not provide
a suitable basis for discontinuous functions.

Any surface vector function (v) ,vg) can be written in terms of
scalar functions and using the Helmholtz relations:

1 0 9

AT os60n 08 (14)
9 1 0

W =50 T cosf N (15)

The vector spherical harmonic B is obtained from =

and = 0; is obtained from =0, =
A A
B — -| y = N -| ,
(+1) (+1)
(16)
where :—9:5( + ) = +1) _
and ~ cosf 2 ( + )( + - 1) +




VECTOR HARMONIC ANALYSIS

The vector harmonics are complete on the surface of the sphere
and therefore any vector function v that is smooth in Cartesian
coordinates can be expressed as

2 +1( =) 2 2 .
= 1 (1) o 2(B )*v cos0dfdA  (18)

_ 2 +1( - ) 2 22( )*vcosfdfdr (1)

The series converges even for discontinuous v at a rate that is
determined by the smoothness of the vector function in Carte-
sian coordinates.

The discontinuities in the vector harmonics " match” those in v.
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COMPUTIN DIVER ENCE AND VORTICITY

A vector harmonic analysis of v yields coefficients and
such that

v = ( B + ). (20)

From the identities

B (0,0 = ( +1) (6, ; ,)) = 0 (21)
B (6,\) =0 ; 6,0 = ( +1) (6,
(22)

Note that an irrotational uid can be modeled with only the
B  and will remain irrotational throughout time.
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COMPUTIN DIVER ENCE AND VORTICITY

(continued)
Therefore
= Ve S+ 6,2 (23)
- v = (+1) 6,2  (24)

Hence vorticity and divergence and can be computed from
scalar harmonic syntheses.

Also, given both and the vector harmonic analysis and
can be computed from two scalar analyses.

Note that the mean divergence and vorticity of any vector func-
tion on the sphere are both zero.
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COMPUTIN THE RADIENT

A scalar harmonic analysis of an arbitrary scalar function
yields d  such that

= ; d (6, (25)
Using the identity
8,20 = ( +1)B (6,3 (26)
We obtain
- ( +1)d B (27)
Hence = (cosf) A, ¢ acanbecomputed from a vector

harmonic synthesis.

The derivative of v with respect to 8 is also computed as a vector
synthesis but with B and replaced with their derivatives
with respect to 6.
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ROBERT S U V VARIABLES

Although (vy, vg) is discontinuous at the poles, (U, V') = (cos Ovy, cos fvy)
is smooth. For example

A - A
cosB = cosf -| S—— Cosecosﬁ -|
( +1) cos f— ( +1)
(28)
or, using the identity
st =L (i) (- ) @)
2 +1
we obtain
cosB = ] _ (30)
Y - —

Therefore the individual components of cosB are smooth at
the poles and have a series representation in terms of the scalar
harmonics . However, given U and V the reconstructions
vy = U cosf and vy = V cosf are subject to error near the
poles.
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SPHEREPAC

A software package that assists the modeling of geophysical pro-
cesses.

1. Codes for both auss and equally spaced latitudes
2. Computations can be performed on a single hemisphere

3. The (A) and (@) can be stored or recomputed with
the usual tradeoffs between speed and storage.

4. Multiple analysis or synthesis can be performed.

ACCESS

FFTPACK and SPHEREPACK programs are available online at
NCAR or a copy of SPHEREPACK can be downloaded from:

http: www.scd.ucar.edu css software spherepack
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SPHEREPAC CONTENTS

e CO ATITUDINA DERIVATIVE OF A VECTOR FUNC-
TION

e RADIENT OF A SCA AR FUNCTION

e RECONSTRUCT A SCA AR FUNCTION FROM ITS
RADIENT

e VORTICIT AND DIVER ENCE OF A VECTOR FUNC-
TION

¢ RECONSTRUCT VECTOR FUNCTION FROM ITS DI-
VER ENCE AND VORTICIT

e AP ACIAN OF A SCA AR FUNCTION

e INVERT THE AP ACIAN OF A SCA AR FUNCTION
e SO VE THE HE MHO T E UATION

e THE VECTOR AP ACIAN OF A VECTOR FUNCTION

e INVERT THE VECTOR AP ACIAN OF A VECTOR
FUNCTION

e STREAM FUNCTION AND VE OCIT POTENTIA

e INVERT STREAM FUNCTION AND VE OCIT PO-
TENTIA



SPHEREPAC CONTENTS
(continued)

e RID TRANSFERS

e EOPH SICA MATHEMATICA SPHERICA COOR-
DINATE CONVERSIONS

e SCA AR SPHERICA HARMONIC ANA SIS
e SCA AR SPHERICA HARMONIC S NTHESIS
e SCA AR PROJECTIONS

e VECTOR SPHERICA HARMONIC ANA SIS
e VECTOR SPHERICA HARMONIC S NTHESIS
e ASSOCIATED E ENDRE FUNCTIONS

e COMPUTE THE ICOSAHEDRA  EODESIC

e MU TIP E FFTS

AUSS POINTS AND WEI HTS

RAPHICS ON THE SPHERE



