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ABSTRACT

The development of computational methods for solving partial differential equations in
spherical geometry is complicated by problems induced by the spherical coordinate
system itself. Even though the solution is smooth in Cartesian coordinates, in spherical
coordinates the components of vector fields such as the wind are multi-valued at the
poles and the differential equations have unbounded terms. For example, the total
derivative of the velocity is unbounded at the poles. Here we present the vector har-
monic transform method for the effective treatment of these problems. Vector fields
such as the wind are expanded in terms of vector harmonics and scalar fields such as
pressure and temperature are expanded in terms of scalar harmonics. Unbounded terms
in the differential equation are grouped into bounded expressions that are evaluated by
their formal application to the spectral expansions. The method can be applied to any
differential equation without introducing scalar dependent variables, such as divergence
or vorticity, or without raising the order of the differentia equations. The method can
be implemented on either a Gauss or equally spaced latitudinal grid with points located
at the poles because the method does not contain any divisions by the cosine of the
latitude. The computational requirements are comparable to traditional spectral
methods.
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which is sponsored by the National Science Foundation



1. Introduction

In this paper we are concerned with solving either steady or time dependent partia dif-
ferential equations that are posed in spherical coordinates. We introduce the vector
harmonic transform method of solution which belongs to the category of spectrd
transform methods. The choice of spherical coordinates is made largely for the con-
venience associated with the prescription of the boundary and boundary conditions.
However, this choice leads to a number of both theoretica and computational prob-
lems that have for the most part been resolved both here and elsewhere in the litera-
ture on this subject. We will review these problems briefly by first considering several
fundamental differences between problem solving on the sphere in spherical coordi-
nates and on the rectangle in Cartesian coordinates.

1. On the rectangle and with a uniform grid, the discrete basis for the spectra
method consists of those trigonometric functions that do not alias on the grid.
Similarly, on the sphere, the discrete basis consists of those harmonics that do not
dias on the grid. However, the number of harmonic basis functions is haf the
number of trigonometric functions which leads to the following fundamental
difference between approximations on the sphere and the rectangle.

2. Fourier representations on the rectangle are interpolative whereas harmonic
representations are least squares but not in the |, norm. This is a computational
aspect that is associated with the discrete approximation of functions that are
tabulated on the surface of the sphere. The least squares approximation of func-
tions on the sphere and the discrete norm are discussed in Swarztrauber (1979).

3. Vector functions such as the wind are continuously differentiable everywhere in
Cartesian coordinates but they are discontinuous at the poles in spherical coordi-
nates. Indeed vector functions are multi-valued at the poles because the deriva-
tives of the spherical coordinate system with respect to the Cartesian coordinate
system are multi-valued at the poles. An example is given later in this section.

4. The individual terms in a partial differential equation in Cartesian coordinates are
bounded whereas many terms in the same equation posed in spherical coordinates
are unbounded at the poles. In addition, the clustering of points in a spherical
grid system leads to accuracy and stability problems. These and other computa
tional problems induced by the spherical coordinate system are collectively
referred to the "pole problem.”
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5. Fourier analysis can be used for both scalar and vector functions on the rectangle.
However different analyses are required for scalar and vector functions on the
sphere. Vector harmonics provide a suitable basis for the discontinuous vector
functions and scalar harmonics provide a suitable basis for scalar functions such
as pressure and temperature that are smooth at the poles.

6. On the rectangle the fast Fourier transform (FFT) can be used in both the x and
y directions to speed the Fourier transform. On the sphere the harmonic transform
consists of the Fourier transform in the longitudinal direction and the Legendre
transform in the latitudinal direction. The FFT can only be used to speed the
Fourier transform and hence the computational time required for the harmonic
transform is, to first order, determined by the Legendre transform which at
present remains a slow transform.

The development of computational methods for solving partial differential equations
on the surface of the sphere is complicated by problems induced by the spherical coor-
dinate system itself. The horizontal velocity components are discontinuous at the poles
in spherical coordinates even though they are continuous in Cartesian coordinates. For
example, a sphere in solid rotation but with the axis of rotation perpendicular to the
coordinate axis, i.e. the axis of rotation passes through the equator of the spherical
coordinate system. If Q is the rotational rate, then in Cartesian coordinates the velocity
components are X =Qz, Y =0, and Z = - Qx which are continuous everywhere. How-
ever, if we let a be the radius of the sphere, A be east longitude, 0 be latitude, and let
u and v be the corresponding velocity components, then u = —-QasinBsinA and
v = —QacosA. Both components are multi-valued and hence discontinuous at the
poles 8 = +m2. Indeed any nonzero vector field at the poles is discontinuous.

These discontinuities create a fundamental problem associated with solving differential
eguations on the surface of the sphere; namely, they induce unbounded terms in the
differential equations in the neighborhood of the poles (Swarztrauber, 1981, 1984).
Indeed, the total derivative of the velocity with respect to time is unbounded. Since
u =acosbd)dt and v =ad 64t, the total derivative is

dv_av+ u av+vav

-t acomon T aoe (1)

du_au+ u au+v6u

ot Tacowmon T3 (1.2)
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If the velocity components given above are substituted into these equations, then the
total derivative of the velocity of a sphere in solid rotation about an axis through the
eguator is

dv _ sin®Asin®
dt Fa cosB '

(1.3)

Eli: Qzasm)\cosA .

dt cosH (1.4)

Since cosB vanishes at the poles the total derivative of the velocity is unbounded. A
view of du/dt is given in Figure 1 which shows two lobes extending to plus infinity
that are adjacent to two lobes that extend to minus infinity. The view includes only a
very small neighborhood of the pole which corresponds to the single vertical line that
extends from —co to +co. Although these terms are unbounded they always combine
with other unbounded terms to form bounded differential expressions. For example, the
total derivative of the velocity combines with the metric terms to obtain the fluid
acceleration. Discontinuous velocities and unbounded terms create computational
problems both at and in the vicinity of the poles. Traditional finite-difference or spec-
tral methods cannot be used to evaluate unbounded terms since convergence would be
slow and the lack of cancellation between unbounded terms would introduce substan-
tial error. The problems have led researchers to reformulate the equations in terms of
scalar dependent variables (Bacus, 1967).

Spectral methods were first used by Silberman (1954), who solved the nondivergent
barotropic vorticity equation using an interaction coefficient method to calculate the
nonlinear terms. This method was not competitive with finite-difference methods
because of the extensive computation required to evaluate the nonlinear terms. Robert
(1966) solved the problem of discontinuous velocity components by transforming the
vector functions (velocity) to scalar functions (pseudo-scalars) by multiplying the velo-
city components by the cosine of the latitude. The resulting functions are continuously
differentiable, both in Cartesian and spherical coordinates and, therefore, a spectral
representation in terms of surface spherical harmonics has the desired convergence
properties.
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When the transform method was introduced (Eliassen et al., 1970; Orszag, 1970),
spectral techniques became competitive with finite-difference methods in terms of the
computation required to obtain a given accuracy. A well known transform method is
based on scalar spherica harmonic functions (Bourke, 1972; Bourke et.a., 1977,
Machenhauer and Rasmussen, 1972; Machenhauer and Daley, 1972; Machenhauer,
1979). The vector momentum equations are replaced by scalar equations with vorticity
and divergence as dependent variables. All of the terms in the equations are bounded
and all of the dependent variables are smooth at the poles and, hence, expandable in
terms of the scalar spherical harmonics. The severe restriction on the time step for a
finite-difference method using spherical coordinates is removed since the highest wave
number is determined by the grid spacing at the equator, rather than the spacing next
to the pole. This is discussed in detail by Orszag (1974). This approach is currently
in wide use throughout the weather and climate modeling community (e.g., Baede et
al., 1979; Boer et al., 1984; Williamson et al., 1987).

In this paper we describe the vector harmonic transform method in which the velocity
is expanded in terms of vector harmonics. It has been shown (Swarztrauber, 1981)
that the convergence properties of this representation are determined by the smooth-
ness of the vector function in Cartesian coordinates. The series representation in terms
of vector harmonics will converge uniformly to a vector whose components are
smooth in Cartesian coordinates even though they are discontinuous in spherical coor-
dinates. The unbounded terms can be grouped into bounded differential expressions
that can be evaluated using the vector harmonic transform method presented here.
Like the traditional spectral methods the time step for the method is based on the larg-
est grid spacing at the equator rather than the smallest at the poles. The equations are
treated in their original form without raising their differential order. These as well as
other attributes of the method are listed below.

1. All dependent variables, including the velocity, are represented directly as spec-
tral expansions without introducing scalar dependent variables or raising the dif-
ferential order of the equations.

2. Unbounded terms in each differential equation are grouped into bounded differen-
tial expressions that can be evaluated by formal application to the spectral expan-
sions. This reformulation can be applied to any vector differential equation and is
not restricted to the example given in Section 3 for the shallow water equations.

3. The method can be implemented on either a Gauss or equally spaced latitudinal
grid with points located at the poles because the method does not contain any
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divisions by cos 6. The experimental results presented in Browning, et.al. (1989),
were computed on a equally spaced grid and compared with the scalar transform
on a Gaussian grid.

4. The velocity components are carried as dependent variables and expanded in
terms of vector harmonics. The transform is norm preserving and, hence, does not
contribute to the error growth that results from the repeated transforms between
physical and spectral space.

5.  The vector harmonics separate naturally into nondivergent and irrotational sets
that form a complete basis for nondivergent and irrotational vector functions
respectively. Therefore, if appropriate, nondivergence can be maintained
throughout the period of integration by representing the vector function in terms
of the nondivergent basis. This approach also halves the amount of computation.

6. The computational requirements of the vector harmonic transform method are the
same as the traditional spectral method. To first order, the computational time
required by the model dynamics, is determined by the number of Legendre and
Legendre-type transforms. In Section 3 it is shown that the shallow water equa-
tions can be solved with nine (9) Legendre-type transforms per time step which is
the same as the traditional spectral transform method (Temperton, 1991).

7. The method provides a modular approach to model development. Once modules
are provided for computing the analysis and synthesis of vector and scalar func-
tions, together with modules for computing the spatial derivatives, geophysical
models can be developed quickly and conveniently.

Although vector and related harmonics have been used for solving vector partial dif-
ferential equations (James, 1976), for the most part they have been used in electromag-
netic applications including particle and astrophysics. Exceptions include Bjorklund
(1973), Jones (1970, 1971), Moses (1974), Yakimiw (1976), Swarztrauber (1984), and
a modal analysis of the Laplace tidal equations in Swarztrauber and Kasahara (1985).
The vector harmonic transform method was compared with the finite-difference
composite-mesh and traditional spectral method in Browning, et.a. (1989). The com-
putational and storage requirements for a five day integration were compared for both
two and four digits of accuracy and the requirements for the two spectra methods
were found to be comparable. These experiments provide considerable information on
the relative performance of the vector harmonic transform method and hence, this
paper does not contain any computational experiments. However, operation counts in
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terms of Legendre and Legendre-type transforms are presented in Section 3. Although
the method is outlined in Browning, et.al. (1989), the details of the vector harmonic
method together with reference materials and recent computational improvements are
included in this paper. A set of benchmarks for the testing and comparing models is
given in Williamson et.al. (1992).

With the exception of Browning, et.al. (1989), papers that use vector harmonics gen-
erally focus on theory and do not provide the details that are necessary for a computer
implementation. Although this paper contains a theoretical development of the vector
harmonic transform method, it aso focuses on the computational details that are neces-
sary for a practical implementation of the method. For example, the efficient computa-
tion of Gauss and equally spaced transforms are presented in Section 4 together with
efficient methods for computing the associated Legendre functions. Hence, this paper
is a self-contained reference source for both the theory and implementation of the vec-
tor harmonic transform method.

The vector spherical harmonics are developed in the next section together with the
anaysis and synthesis of an arbitrary vector field on the surface of the sphere. The
anaysis and synthesis of scalar fields are aso reviewed. In practice most scalar and
vector fields are rea and therefore, real versions of the usual complex transforms are
provided. The real versions offer a savings of two over the complex transforms. Addi-
tional savings can be realized by using two agorithmic variants that are presented in
the second half of Section 2. Each variant halves the computation and both can be
implemented which reduces the computation by a factor of four.

The vector harmonic transform method is applicable to any vector differential equation
on the sphere; however, for purposes of exposition in Section 3, it is implemented in
the ssimplified context of the shallow water equations. The shallow water equations are
of interest since a large fraction of the energy in the atmosphere is contained in the
modes supported by these equations. The method is developed for two different forms
of the shallow water equations and focuses on the computation of the spatial deriva-
tives that appear on the right side of the equations. Section 3 contains the computa-
tion of the bounded differential expressions that are most frequently required to imple-
ment the method. The spectral method is used to compute the divergence, vorticity,
vector Laplacian of a vector field, and the gradient and Laplacian of a scalar field.
The inverse operators are aso implemented. For example, given the vorticity and
divergence then the vector spectral method provides a straightforward way to deter-
mine the corresponding vector field. Although the focus is on the shallow water equa-
tions, the section ends with two methods that provide al the differential expressions
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that are required to solve the general partial differential equation.

The key computational elements of the vector harmonic transform method are
presented in Section 4. Efficient methods are presented for the computation of the
associated Legendre functions and other related functions that are used in the computa-
tion of the spherical harmonic transforms. This section provides the fundamenta link
between theory and the computer implementation of the transforms and the vector har-
monic transform method. The section also includes efficient and accurate discrete
transforms for both Gauss and equally spaced latitudinal grid points. A uniform longi-
tudinal grid is assumed throughout.

The vector harmonic transform method relies extensively on identities that are satisfied
both by the scalar and vector harmonics. For example, to compute the divergence of a
vector field it is necessary to use the identity that expresses the divergence of the vec-
tor harmonics in terms of the scalar harmonics. A large number of identities both for
scalar and vector harmonics are presented in Section 5. Most of the identities used in
this paper are assembled in Section 5. However, additional identities are included as a
reference for model development activities that are not explicitly presented in this
paper. Section 5 also includes the development of the surface vector Laplacian together
with the identities that are necessary to facilitate its computation. The surface vector
Laplacian provides a natural dissipation term for fluid computations that are posed on
the sphere. Section 5 also contains a review of the differential geometry of the spheri-
cal coordinate system that is used to develop the transform method given in Section 3
for the general differential equation. In addition to their use in the other sections, Sec-
tions 4 and 5 provide reference materia for the development of other models that are
based on the vector harmonic transform method.
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2. Scalar and vector spherical harmonic analysis and synthesis

From the introduction it is evident that the spectral representation of scalar and vector
functions must be quite different. Since the scalar harmonics can be expressed as
polynomials in the Cartesian coordinates x, y, and z, they provide a suitable basis for
scalar functions such as divergence and vorticity which are also smooth at the poles.
However, since vector functions such as the velocity are multi-valued and, hence,
discontinuous at the poles, the scalar harmonics do not provide a suitable set of basis
functions since convergence to a discontinuous function would be prohibitively slow.
On the other hand, the vector spherical harmonics have discontinuities that "match” the
discontinuities in vector functions that are induced by the spherical coordinate system.
As a result, the convergence of a vector harmonic spectral representation is uniform
even for discontinuous vector functions as long as the vector function is smooth in
Cartesian coordinates.

In this section we develop the vector spherical harmonics. We also provide both the
complex and real forms of both the scalar and vector harmonic transforms. The real
transforms require half the computation required by the complex forms. The second
half of the section includes two agorithmic variants, each of which halve the the
amount of computation in both the analysis and synthesis. If both variants are imple-
mented then the computation is reduced by a factor of four. At first reading the
second half of this section can be omitted without loss of continuity.

We begin with the scalar spherical harmonics. With latitude 8 and x = sin@ the asso-
ciated Legendre functions are given by

n+m

L (x2-1)" . (2.1)

PI(6) = 5%(— cos)™

These functions are defined as solutions of the ordinary differential equation

[ m [
R CE -
LB - -0, 2.2
o d8 220 —gqg— ot N+D) oZg T ©®) =0 (2:2)

With A defined as longitude the scalar spherical harmonics are given by
Y™A,0) = PM(@)e!™ | (2.3)
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It is known that any smooth function @(A,0) has a uniformly convergent series
representation in terms of the scalar spherical harmonics

D=3 3 an,YI0\) . (2.4)

n=0m=-n

If we define the inner product of two functions f (A,8) and g(A,8) as

2n 2
(f.g)=] [ FT(\B)g(\B)cosd d6 dA , (2.5)
0 -m2

then the scalar spherical harmonics satisfy the orthogonality relations

O I
(Lt e and n=k
v Vi) = D2n+1 (n—m)! 06
(Yn’ Y = g 0 if m#j or nzk - (26)

The scalar harmonic analysis of @A,0) consists of computing the coefficients a,, , in
(2.4). Multiplying both sides of (2.4) by Y. and integrating over the sphere we obtain

O 2n ™2 ~
nn = 2’ j J' M @(\,0)cosBdBdA (2.7)
0 -2
where
_ 2n+1l (n—-m)!
Inm = o nrmyr (28)

This completes the development of the scalar harmonic transforms for any complex
scalar function @A,0). Consider now the development of the vector harmonic
transforms.

In Cartesian coordinates the Fourier representation can be used for both scalar and
vector functions on the rectangle. While it is true that the scalar harmonic transform
can be used for the vertical (or radial) component of a vector it can not be used for the
horizontal components. This is because the radial component is smooth at the poles
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whereas the horizontal components are discontinuous as discussed in the introduction.
Therefore, attention is directed to the spectral representation of the horizontal com-
ponents of a vector in spherical geometry. Let v =[u(A,8),v(),0)] be a two dimen-
sional vector that is tangent to the surface of the sphere and whose first component
u(A,0) corresponds to east longitude and the second component v (A,0) corresponds to
latitude.

The selection of a suitable set of basis functions for v begins with the Helmholtz rela-
tions. Any vector function on the surface of the sphere can be expressed in terms of
the stream function W and velocity potential X by the Helmholtz relations

1 X 1w

" acosh oA a 9o (2:9)

and

1 v 14X
V= 3c0® v T ae (2.10)

Since W and X are scalar functions, they can be represented in terms of the surface
harmonics Y. Indeed, it is possible to generate a sequence of vector functions by
substituting the scalar spherical harmonics for W and X in the right side of (2.9) and
(2.10). In particular, as a possible basis for vector functions, it is reasonable to con-
sider the set of vector functions that is obtained by first setting W=0, X=aY™n (n+1)
and then setting W =aY"Wn(n+1), X=0. In doing so we obtain the horizontal structure
of the vector spherical harmonics (Morse and Feshbach, 1953), namely

0 ] [l O
m [!Wran imA m D_Vrl;nD imA
Bn = Lyym ¢ and Cp' = awm@ (2.11)
oo n

where V" and W] are functions of latitude only given by

dp™m
Vn(n+1)VI(8) = 1 é‘ = %[PM* - (n+m)(n-m+1)P" ] (2.12)
and
AM+)WMO) = 0 _pM=%[PML 4 (n+m)(n+m-1)PME].  (2.13)

cosB
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The vector spherical harmonics form a complete orthogonal set of basis functions for
the spectral representation of vector functions on the sphere. Any vector function v
that is smooth in Cartesian coordinates has the uniformly convergent series representa
tion

V=S 5 DBl # GGl 214)
n=lm=-n

even though v is discontinuous at the poles. This is because B, and C" have discon-

tinuities that "match" those of v induced by the spherical coordinate system. The

computation of the coefficients by, , and ¢, , in (2.14) is straightforward using the

orthogonality relations for B' and C" that are given below. The vector inner product

of two arbitrary vector functions u(A,0) and v(A,0) is

2n w2
(uv)=] [ u vcosddodx (2.15)
0 -m2

where * denotes the conjugate transpose. The orthogonality relations for the vector
spherical harmonics are

(BMCh) =0 (2.16)
and

S 4t (n+m)!
D2n+1 (n—m)!

[ 0 if m#zj or nzk *

if m=] and n=k

(B, B)) = (C C}) = (2.17)

The computation of by, , and ¢, , or the vector harmonic analysis can now be com-
puted. Multiplying (2.14) by either (B or (C/" and integrating over the sphere
we obtain

2 ™2

b n = 2'” [ [ BM vcosd dd dA (2.18)
0 -2
2 2

Cmn = ;'”J' J (CIY" v cosd d6 dA . (2.19)

0 -m2
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To this point the analyses and syntheses have been developed for complex functions.
However, in practice one is more likely to encounter real valued functions and hence,
we now develop the real forms of the harmonic transforms. These forms are about
twice as efficient as the complex transforms and hence represent the preferred
transforms for real functions. We begin with the development of the synthesis of a real
scalar function. Equation (2.4) can be written

AN = 5 (ApnP O+ 3 Ama Y™+ S B YD) . (2.20)

n=0 m=1 m=1

From (523) Y, ™= (~1)™ Eerm;I Y™ which when substituted into (2.7) yields

Substituting these results into (2.20) we obtain

(n+m)!

(n )I am n-
0\6) = 3 [agn PO+ 5 2Re(an oY1) . (2.21)
n=0 m=1

—mn_( )m

If we define ay, , =%2(ary, n—i @iy n) then the real form of the scalar harmonic syn-
thesis is

GA8) = 3 5 Pary, ,COSTA+aiy, nSNMA) . (2.22)

m=0n=m

The prime notation on the sum indicates that the first term corresponding to m=0 is
multiplied by ¥.. The real form of the scalar harmonic analysis can be obtained from
the real and imaginary parts of (2.7), namely

2n 2
armn = Onnf ] ®AB)PT(6)cosmAcostd Bd A (2.23)
0 -m2
and

2n 12
aimn = dnnf | OAB8)PT(B)sinmAcosdd 6d . (2.24)
0 -2

Proceeding in a similar manner we can develop the following real forms for the vector
harmonic  transforms. If we  define by n =72(brg n =i bip, 1) and
Cmon =72(=Cryp +i Cip, ) then the real form of vector harmonic synthesis (2.14) is
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u@A,8) = 3" 3 [Wibi, ncosmA — br, ;sinm\)

m=0n=m

+ Vi(Crp nCOSMA + Ciy, n SINMA)] (2.25)

v(AB) = 3 % [Vi'(brp, nCOSMA + bi, ,SiNMA)

m=0n=m

+ W{'(= Cip, n COSMA + Crpy nSINMA)] . (2.26)

The prime notation on the sum indicates that the first term corresponding to m=0 is
multiplied by %. The real form of vector harmonic analysis (2.18) and (2.19) is

2nmn2
brmn = Omnf J [WicosmA —uw'sinmA]cos8d 6d A (2.27)
0-m2

21 T2

bimn = Gmnf [ [UWTcosmA + wW'sinmA]cosBd 6d A (2.28)
0-m2

2N T2

O | [UVcosmA + vW'sinmA]cosBd 6d A (2.29)
0-m2

Crmon

21 T2

Cimn = Omn] [ [-YWicosmA + uV'sinmA]cosBd Bd A . (2.30)
0-m2

This completes the development of the real scalar and vector harmonic transforms.

The second half of this section will now be devoted to the development of two vari-
ants of the harmonic transforms presented above. These variants can reduce the com-
putation by up to a factor of four and will likely be of interest to those who will
implement the vector harmonic transform method. The reader who is interested only
in the development of the method can omit the remainder of this section without a loss
in continuity.
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The vector harmonic transforms defined in Section 2 require about four times the com-
putational effort required by the scalar harmonic transforms. In the remainder of this
section we will develop two variants, each of which can be used to have the computa-
tion. If both variants are implemented the computation can be reduced by a factor of
four. We begin with a technique that has been used to speed the transforms used in the
traditional spectral transform method (Temperton, 1991). The approach is to express
the V" in terms of the W" which is then used to halve the computation and storage
requirements. It is known (5.19) that the associated Legendre polynomials satisfy the
identity

dPy" _ (n+)(n+m) Jn _ n(n-m+1)

cosB—g e LS S s paUL T (231)
Dividing by cosB and using the definitions (2.12) and (2.13), we obtain
Vo' = C:I-m,nvvrqn—l - sz,nWr?ll (2.32)
where
Yin-1D(n - Yn(n+
Clyy = (n+m)v(n-1)(n+1) and 2, = (n—-m+1)vVn(n+2) _ (2.33)

m(2n+1) m(2n+1)

Since WHO:O the right side of (2.32) is indeterminate for m =0. Therefore, (2.32) is
used only for m>0 and Vn0 must be retained for the transforms. VnO can occupy the
locations reserved for WL, Substituting (2.32) into (2.27) we obtain

21 T2
brm,n = am,nj I [V()‘ae)(cj-m,nqun—l - sz,nwm-l)cosm)\
0-12
- u(A,0)W'sinmA]cosbd 6d A . (2.34)

If we compute ap, ,, by n, Cnp, @d dy , from (2.39) through (2.48) below, then
(2.49) is obtained from (2.34). A similar development can be obtained for bip, ,,
Crmn, and cip,, resulting in the vector harmonic analysis as presented in (2.39)
through (2.52) below.

The vector harmonic synthesis is given in (2.53) through (2.64) below. Its derivation
begins with the substitution of (2.32) into (2.25)

u(A,B) =% ZcrO,nVn0 + 3 3 [Wokbip, ncosmA = brp, ,sinmA)

n=1 m=1n=m
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+ (€L n WLy — €2 n W1 )(Cr i n COSMA + Cipy nSINMA)] (2.35)

or

uAB) =% S crg, Vo + T 3 Wi(biy, ,cosmA — br, ,SnmA)

n=1 m=1n=m

> L n s W Cr oy 1 41COSMA + Cip 1 1SINMA) (2.36)

> 2 -t W(Cr 0 —1COSMA + Cipy _3SINMA)
m=1n=m

or

u(A,8) = 3 %crg, Vi
n=1

+ Z Z qun[(_czm,n—lcrm,n—l-" Clm,n+1crm,n+1+ bim,n)cosm)\ (2.37)
m=1n=m

+ (_sz,n—lcim,n—l + C:I-m,n +1Cim,n +17 brm,n)Si NMA] .

Once the coefficients a,, , and by, , are computed from (2.53) and (2.54), then (2.37)
takes the form

UMG) =% S crgnVl+ 5 5 Wi 1CosmA + by o SinA) (2.39)
n=1 m=1n=m
which requires half the computation required by the synthesis (2.25) or the same com-
putational effort as a scaar synthesis using (2.22). A similar result can be obtained
for v(A,8) thereby halving the computation required for a vector synthesis using (2.25)
and (2.26). The algorithmic details of the efficient vector harmonic analysis and syn-
thesis are presented below without derivation. We begin with the analysis.

Given the vector function v' =[u(\,0),v(A,8)] with east longitude and latitude com-

ponents respectively then the vector harmonic analysis can be computed in the follow-

ing three steps.

1. For m=0 up to some maximum wave number m=N, compute the Fourier
transforms:

2mn
aum (8) = [ u(A,8)cosmA dA (2.39)
0
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21

bu, (6) = [ u(A,8)sinmA dA (2.40)
0
2n

avi, (6) = [ v(A,8)cosmA dA (2.41)
0
21

oVin (6) = [ v(A,8)sinmA dA (2.42)

0

These integrals can be computed rapidly using the rectangle rule and the fast Fourier
transform. The rectangle rule corresponds to a Gauss quadrature for periodic functions
and is therefore quite accurate. Efficient FFT methods on both vector and parallel
computers are presented in Swarztrauber (1987).

2. Form=0and n=m,...,N compute the Legendre-type transforms in the latitudinal
direction. The coefficients for m=0 must be computed from (2.27) and (2.29)
since the identity (2.32) is not valid for m=0. Note that bi,, and ci,, are both
zero since W is zero. Equation (2.8) contains the definition of Amon-

w2
bropn = Gmn | ave(B)V,(B)cosbd 6 (2.43)
-T2
and
w2
Cron = Omn [ au(B)V,(B)cosHdo . (2.44)
-T2

For m=1,..,N and n =m,...,N compute the Legendre-type transforms in the latitudinal
direction.

w2
amn = I au, (B)W/'(6)cosB d 6 (2.45)
“me2

w2
[ buy,(B)WM(B)cosH d 6 (2.46)
-T2
174
[ avm(B)W(B)cosd d B (2.47)
-T2

bm,n

Cm,n

w2
dovn = [ Vi (B)WT(B)cosH B . (2.48)
-2
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These integrals can be computed accurately on an equally spaced latitudinal grid using
the discrete transform presented in Machenhauer and Daley (1972) and described in
Swarztrauber (1979). Traditionally, these integras have been evaluated on an
unequally spaced grid using Gauss quadrature. Both of these methods are discussed in
Section 4.

3. Form=1,.,N and n =m,...,N we can now compute the coefficients in the vector
harmonic spectral representation (2.14) or (2.25) and (2.26). The coefficients
¢l and c2, , are defined in (2.33).

bron = Omn(Cln nCmn-17C2m nCmn+1~Pmn) (2.49)
bimn = Om n(Clm ndm n-17C2m ndm n+1+8mn) (2.50)
Crmn = Omn(Clmn8mn-17C2m n@mn+1tdmn) (2.51)
Cimn = Omn(Cly nBmn-17C2m nbmn+s1=Cmn) - (2.52)

This completes the analysis of a vector function on the sphere. We now describe the
synthesis of a vector function. Given the coefficients br, ,, biy, , crp, o, and cip, , the
synthesis can be computed in the following three steps.

1. Form=1,.,N and n=m,..,N compute

8nn = C2nn-1mn-1+CLn n+1Cmn+1 +0im p s (2.53)
Pmn = €2nn-1Cmn-1+Cn n+1Cimn+s1=Ormn - (2.54)
Cnn = C2mn-10rmn-1+ ¢y n+10mn+1=Cimn » (2.55)
Onn = €2nn-1bimn-1+Cly ns1bimpea +Crmp - (2.56)

2.  For m=0 we first compute

Ag(6) = ¥ %ao,nvn"(e) (257)
n=1
Co0) =¥ § Con Vi) . (2.58)

n=1
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Next, for m=1,...,.N compute the following Legendre-type transformations

An(®) = n%nam,nvv:,ﬂ(e) (259)
B, (8) = g bm,nW,f,“(e) (2.60)
Cnl®) = 3 WO @261
D, (6) = %dm,nwg”(e) . (2.62)

3. The vector harmonic synthesis is completed with the following Fourier syntheses
in the longitudinal direction

u(A,0) = E [An(B)cosmA + B, (6)sinmA] (2.63)
m=0

V(A,B) = g [C(B)cosmA + D, (8)SinmA] . (2.64)
m=0

This completes the variant of the vector harmonic transforms based on the replacement
of V" by W using (2.32). This variant resulted in a savings of two in computational
time. It is important to note that the accuracy of this variant has yet to be investigated.

Consider now a second somewhat more traditional variant that can halve the computa-
tional requirements of both the vector and scalar harmonic transforms. Beginning with
the vector analysis we first rewrite equation (2.45) as

2
8nn = I [au, (B)WT(B) — au,, (—B)W.(—6)]cosB d 6 (2.65)
0

or

2
mn = I [auy, (6) + au, (—-8)]W;(B)]cosbd 6 (2.66)
0
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where + is chosen + if W1'(6) is odd about the equator or — if W/Y(6) is even. From
(2.13) and (4.1) through (4.4) it can be determined that + is set to + if n—m is even
and - if n—-m is odd.

The savings of two is now evident since the functions au,,(0) + au,,(-6) can be com-
puted in advance of (2.66) in a time that is negligible compared to (2.66). Then equa-
tion (2.66) can be computed in half the time compared with (2.45) since the interval of
integration has been halved.

A similar savings can be obtained for the harmonic syntheses. From (2.59) we obtain

N

An(®) + Aq(6) = 3 ann[Wa'(6) + Wy'(-0)] (2.67)
N

An(®) = An(=6) = X ann[Wn'(B) — Wi(-6)] . (2.68)

Since W(0) is either even or odd, every other term in the sums on the right of (2.67)
and (2.68) are zero. Hence, both can be computed in the same time as the single sum
on the right side of (2.59). In addition, 6 ranges from 0 to 12 in (2.67) and (2.68)
compared with —1¢2 to 172 in (2.59). The saving is now evident since the time required
by (2.67) and (2.68) for a single 0 is the same as (2.59), however (2.67) and (2.68) are
tabulated at only haf the points required by (2.59). Once (2.67) and (2.68) are tabu-
lated then A,,(8) can be reconstructed from their sum and difference in a time that is
negligible compared with (2.67) and (2.68). This variant is better known than the first
variant and currently used to speed most scalar spherical harmonic transform codes.
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3. Solving partial differential equations

In this section we present four methods for solving vector partial differential equations
on the sphere. The first two are presented in the context of two different formulations
of the shallow water equations. The remaining two methods are applicable to any sys-
tem of first order partia differential equations. However, they require more computing
resource than the first two when applied to the shallow water equations. The underly-
ing task that is common to all of the methods is the computation of the horizontal spa-
tial derivatives. A task that is complicated by the difficulties that were discussed in the
introduction.

In a previous paper (Browning, et.al., 1989) three different methods for solving partial
differential equations on the sphere were compared. In particular the composite-mesh
finite-difference, traditional spectral, and vector harmonic transform methods were
compared. The methods were compared in the context of the shallow water equations.
They were implemented on the Cray XMP and compared in terms of the computing
resource required to obtain a specific level of accuracy for a five-day integration The
computing requirements for the vector harmonic transform method were found to be
comparable to the traditional spectral method. Here we compare the vector harmonic
transform method applied to two different formulations of the shallow water equations
as well as two different methods for the general partial differential equation. They are
compared in terms of the number of Legendre-type transforms required per time step
to implement the formulation. In this regard we follow Temperton (1991) who used
the number of Legendre-type transforms as a measure of the computing resource
required by the dynamics portion of the computations. This is an appropriate measure
since these transforms dominate the computing time. Computational experiments are
not presented here since the vector harmonic transform method is compared with the
traditional spectral method and the composite-grid finite-difference method in Brown-
ing, et.al. (1989).

In the course of solving the shallow water equations we will describe modules for
computing and inverting several common differential operators. Given a vector func-
tion we will show how to compute the scalar functions of divergence and vorticity.
This computation can be inverted. That is, given divergence and vorticity, then the
corresponding vector function can be determined in a straightforward manner. We
also show how to compute the vector function corresponding to the gradient of a vec-
tor field. In addition both the scalar and vector Laplacians are evaluated and inverted.
The vector Laplacian provides a way to include dissipation in the model equations.
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Model development for vector partial differential equations on the sphere could be
significantly simplified if these modules were available in a software package.

We will first review the vector transform method as it was applied to the u—v formu-
lation of the shallow water equations as given in (3.1), (3.2) and (3.3) below. Next we
outline the steps required for the vector harmonic transform method as applied to the
O%v'v variant of the shallow water equations given in (3.8), (3.9), and (3.10) below.
The shallow water equations can be written in severa different forms. Unlike the u—-v
and O0%:v" v formulations, most partial differential equations contain unbounded terms.
In Swarztrauber (1981) it is shown that ug, Vg, (cosB)™* (v/ON + sinBu), and
(cosB) ! (AudA - sinbBv) are bounded differential expressions on the sphere even
though the individual terms in the last two expressions are unbounded. It is also
shown that any bounded first order differential equation can be written in terms of
these expressions in the same way that any bounded first order differential equation in
Cartesian coordinates can be written in terms of du/0x, du/dy, dv/0x, and ov/0y .

However, the set given above for spherical coordinates is not unique. For example,
any first order differential equation on the sphere can also be written in terms of
o0u00, ov/08, o, and ¢, where d is divergence and ( is vorticity defined in (5.3) and
(5.4) respectively. This result is immediate since the two sets can be written in terms
of each other. In the u—v formulation the shallow water equations are written in terms
of du06, av/00, 8, and { which, as will be shown, can be readily determined from the
analyses of u, v, and @. The u—-v formulation of the shallow water equations is

ou _ ug VvOu _ uov 1 o9
- R am aw Y s (33
ov _ u, udu _vov 109
@ @ aw Y aam (32)
acp__(p _vacp_ u d9
30 Tl aom N (33)

where @ is the geopotential. These equations can be numerically integrated using the
vector harmonic transform method that is defined in the following four steps.
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Analyze u(A,0) and v(A,0) by computing the coefficients br, ,, bi,, , crp, ,, and
Cimpn from (2.27) through (2.30) or the variant (2.39) through (2.52). Also
analyze @(A,6) by computing the coefficients ar,, , and aip,, from (2.23) and
(2.24).

Use the spectral representations (2.22), (2.25), and (2.26) to compute the spatial
derivatives that occur on the right side of the shallow water equations (3.1), (3.2),
and (3.3). The details are presented below.

Substitute the spatial derivatives into the right side of equations (3.1), (3.2), and
(3.3) to compute the time derivatives du/ot, dv/0t, and o@/ak .

Use "leap frog" time differencing to advance u, v, and @ to the next time level.
Note that the high-order spatial accuracy may justify the use of a high-order time
integrator such as the Runge-K utta scheme (Fulton and Schubert, 1987).

Some computational considerations that are related to aliasing and spectral truncation
are discussed at the end of Section 4. Step 2 above requires further discussion.

29)

2h)

From (5.3), (2.2), (2.12), (2.13), (2.25), and (2.26), it can be shown that

N N
d=-3%" 3 Vn(n+1)PT(®)(br, ,,cosmA+bi, ,sinmA) (3.4)
m=0 n=m

which has the same form as (2.22) and therefore the divergence can be computed
by setting ar, , = ~Yn(n+1)br,, , and aip, , = “/n(n+1)bi,, , and performing a
single scalar spherical harmonic synthesis. This result can be obtained in complex
form using (5.8).

From (5.4), (2.2), (2.12), (2.13), (2.25), and (2.26), it can be shown that

(= 3 % Vn(n+1)P(B)(cr,, ; COSMA+Ciy,  SNMA) (3.5)

m=0 n=m

which also has the same form as (2.22) and hence the vorticity can be computed
by setting ar,, = Vn(n+lcr,, and ai, , = Yn(n+1)ci,,,, and performing a
second scalar spherical harmonic synthesis. This result can be obtained in com-
plex form using (5.9). Steps 2a and 2b are invertible either individually or
together. That is, given the divergence and vorticity then a unique vector function
can be determined or if only one or the other is given then the corresponding
solenoidal or rotational vector function can be reconstructed.
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The derivatives du/00 and 0v/06 can be computed from a vector synthesis like
(225 and (226) but with V(@) and W(B) replaced  with
d d

el V,T(6) and Ewm(e) respectively. These derivatives aso satisfy the

recurrence (5.14) and can therefore be computed in a manner similar to that given
for the P(B) in Section 4. This step requires the same computing time as a vec-
tor synthesis or two scalar syntheses.

From (2.12), (2.13), and (2.22)

M M
%g_;\p =5 3 In(*)WIB)(@iy ncosTA — ary ,SnMA)  (36)
m=0 n=m
a(p M M
35 - S S Vn(n+1)V6)(ar, ,CosmA + ai, ,SinmA) (3.7)
m: :

which has the form of a vector synthesis (2.25) and (2.26) but with
Crmn = Cimn = 0. Therefore the gradient of @(A,0) can be computed as a vector
synthesis by setting br,, =Vn(n+Dar,,, bin, =Yn(n+ai,,, and
Clmp =Cipmpn =0. This result can be obtained in complex form using (5.10). It
is also invertible thus providing the capability to reconstruct any scalar field from
its gradient. This step requires the same time as a vector synthesis or two scalar
syntheses.

If dissipation were included in the equations (3.1) and (3.2) then the vector
Laplacian (5.7) can be computed from the vector anaysis by multiplying the
coefficients br, , biy, , Cry ., ad ci, , by —n(n+1) and performing a vector
synthesis. The vector Laplacian can also be inverted. The cost of this step is a
vector synthesis which requires the same amount of computation as two scalar
syntheses.

The cost in terms of Legendre transforms of the vector harmonic transform method
applied to the u-v formulation of the shallow water equations is. three for the ana-
lyses in step 1, one for step 2a, one for step 2b, two for step 2c¢, and two for step 2d.
Hence the total number of Legendre-type transforms is nine which is the same as the
number reported by Temperton (1991) for the traditional spectral method. These
counts, as well as Temperton’s, require the use of the transform variants given in Sec-
tion 2. This completes the u—v formulation of the shallow water equations.
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Consider now the O%v'v formulation of the shallow water equations. This formula-

tion is motivated by a desire to eliminate the computation of the 6 derivatives of the
velocity components in step 2c above. Equations (3.1) through (3.3) can be rewritten:

ou 1 0

_ _ 2,2
5 = (C+f)v ma_)\[(p +%(uc+vI)], (3.8)
% = —(C+f)u + %g_e[cp +%(u2+vd)] , (3.9)
%9 = () (3.10)

pas : .

The solution of equations (3.8), (3.9), and (3.10) proceeds as follows.

1. Anayze u(A,8) and v(A,0) by computing the coefficients br, ,, bi, ,, crp, 5, and
Cim n from (2.27) through (2.30) or the variant (2.39) through (2.52).

Use step 2b above to compute the vorticity (.
Analyze the scalar function @ +%(u?+v?) using (2.23) and (2.24).
Compute Og[@ +¥2(u?+v?)] in a manner similar to step 2d above.

Analyze the vector function @v in a manner similar to step 1.

o g A~ W D

Compute the divergence [ -(¢v) using a procedure like that in step 2a above.

Following these steps all quantities on the right side of equations (3.8), (3.9), and
(3.10) are available and hence, the time derivatives can be computed and the solution
advanced to the next time step.

The number of Legendre transforms for the 0%v' v formulation of the shallow water
equations is: two for the analysis in step 1, one for step 2, one for step 3, two for step
4, two for step 5, and one for step 6. Therefore, the total number of Legendre-type
transforms is nine which is the same as the number for the u—v formulation. How-
ever, as mentioned above, the 0¥:v'v formulation does not require the computation of
the O derivatives of v.
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Although the techniques used above for the shallow water equations will apply to most
differential equations, we will complete this section with the computation of all first
order partial derivatives on the surface of the sphere. As mentioned in the introduction,
certain terms in a differential equation on the sphere are unbounded an therefore not
suited for evaluation using a spectral representation. However, first each unbounded
term can be assembled together with other unbounded terms into a bounded differen-
tial expression. Any first-order differential equation can then be written in terms of
these bounded differential expressions. One such set is given by the elements of the
matrix S defined below at (3.12). The proof that these elements are bounded can be
derived from the relation that S has to the Jacobian of the velocity
vd =[X(x,y,z), Y(X.,y,z),Z(x,y,z)] in Cartesian coordinates which is given by

Oox ax oX B
Dax dy 0z 0
_OoYy odY oYy QO
C= DD_GX N EB (3.11)
0oz 9z 9z
gox oy o0z [

In Section 5 it is shown that C is similar to

J 1 9u_wvsne  w 19u du B

DDa cosB O acosB a a do or 0

0 1 ov u sind 1 ov w  ov O
S= ot _—+t - — . 3.12
B acos® oA acosh aod a or B (3.12)

0 1 ow _u 1ow v ow 0

0 acosh oA a aod a o O

That is,

S=QcCcQ' (3.13)

where Q is defined in (5.44). It is orthonormal and transforms a Cartesian vector to
spherical coordinates as demonstrated in (5.49). Since Q is norm preserving and the
elements in C are assumed bounded, the elements in S must aso be bounded. In
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addition, any first-order partial differential in spherical coordinates can be expressed in
terms of the elements in S in the same manner that any first-order partial differential
eguation in Cartesian coordinates can be expressed in terms of the elements of C. It
remains, therefore, to evaluate the terms in S for a given velocity field v specified on
the surface of the sphere. In what follows we will present two methods for computing
the elements of S. The first method computes the elements of C and subsequently the
elements of S from (3.13). The second method computes the elements directly using
the vector spherical harmonic representations of v.

Given the vector vsT = (u,v,w) in spherical coordinates and defined on the surface of
the sphere then C can be computed as follows.

1. Compute the Cartesian velocity components vJ = (X,Y,Z) using v, = Qvg
where Q is defined in (5.44).

2. Since the Cartesian components X, Y, and Z are smooth they can expanded in
terms of the scalar spherical harmonics. In this step we analyze these com-
ponents. For example, we compute coefficients x,, , such that

N n
X=3 3 XnnYa(AB) . (3.149)
n=0m=-n

3. The three dimensional Cartesian derivatives in the Jacobian C require the exten-
sion of the components X, Y, and Z off the surface of the sphere into three
space. This is achieved by multiplying YT'(A,0) by r". The resulting functions are
exterior solutions of Laplaces equation and defined for al x, y, and z. For exam-
ple,

N n
X=35 S Xnnl"Y(AB) . (3.15)

n=0m=-n
This step is conceptual only and does not require computation.
4. The Cartesian derivatives can now be computed using the identities at the end of
Section 5. For example, using (5.65) we obtain

oX Nij n
Jy = 27 > [(n+m+2)(n+m+1)xm+1,n+1+Xm—1,n+1]Yr2n()\19) - (3.16)
n=0 = m=-n

Hence, 0X/0y can be computed from a scalar spherical harmonic analysis. The
remaining derivatives in the Jacobian C can be computed in a similar manner.
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5. Once C has been computed then S can be computed from S=Q C Q.

The elements of S then provide the bounded differential expressions that occur in any
first-order system of differential equations that are posed on the surface of the sphere.
Indeed all of the derived expressions such as divergence and vorticity that were com-
puted earlier in this section can aso be computed from the elements of S. For exam-
ple, if 5 ; denotes the element in the ith row and jth column, then the divergence
(5.3) isgiven by d=s; 1 +5S,,.

Although this approach can be used to solve the general first-order equation it is some-
what more costly than the methods given earlier for the shallow water equations.
Three scalar analyses are required for X, Y, and Z in step 2 and nine scalar syntheses
are required to compute the Cartesian derivatives in step 4. Therefore, a total of twelve
Legendre-type transforms are required to compute the spatial derivatives of the velo-
city. This does not include the computations that are required for the geopotential if
this approach is used to solve the shallow water equations.

The fourth and last method computes the elements of S directly by application to the
vector harmonic representation of the velocity field. Let 5 ;(v) denote the term of S
corresponding to row i and column j evaluated for the vector v. From (2.14)

S V=3 3 bun§(BM +Cnns s (CM. (317)

n=lm=-n

Hence, the terms in S can be evaluated for v once the terms have been evaluated for
the vector spherical harmonics. In what follows we evaluate the terms in S as applied
to the vector harmonics. Evaluations are given only for the elements that correspond
to the 2x2 matrix in the upper left corner of S since the evaluation of the other ele-
ments is straightforward. We begin with the element s, ; in the upper left-hand corner
applied to the spherical vector harmonic B/". From (2.11) and (3.12) we obtain

s, ,(BM = W i _ SN0 i (3.18)
LN acosd acos® " '
or
e'mA m2 .  sng OPp

Sl,l(Brr]n) = ) . (319)

_\/n(n+1)(acosze " acos® 06
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From (5.27) we obtain

eim)\

Sl,l(Brrln) = _W[PSHZ + 2("‘2""’712"'n)F)rrln
+ (n+m)(n-m+1)(n+m-1)(n-m+2)PM?] . (3.20)

Proceeding in a similar manner and using (5.25) we obtain

ieim)\

S1,(BM = P™2 4+ 2m(n+m)P™
1,2( rr]n) Aa n(n+1)[ n-1 ( ) n-1
- (n+m)(n-m+1)(n+m-1)(n+m-2)PM2] . (3.21)
Similarly,
sp1(BM = e [PM2 + 2m(n+m)PM
2,1\"Pn Aa n(n+1) n-1 n-1
- (n+m)(n-m+1)(n+m-1)(n+m-2)PM] . (3.22)
Next
1 vV eim  d?pm
S,,(BM =—___ M = . 3.23
22(Bn) a 00 avn(n+l) de? (3.23)
Using (5.18)

eim)\

- m+2 _ 2_ 2 m
52,2(Brr1n) - 4a n(n +1) [Pn 2(n m +n)Pn

+ (n+m)(n-m+1)(n+m-1)(n-m+2)PM2] . (3.24)

Consider now the application of the terms to the vector spherical harmonics C.
Proceeding in a manner similar to that above we obtain:

ieim)\
s;4(CM = - PM™2 + 2m(n+m)P™
1,1( r2n) Aa n(n+1)[ n-1 ( ) n-1
= (n+m)(n-m+1)(n+m-1)(n+m-2)P1 (3.25)
eim)\

- _ m+2 _ 2_m2 m
Sl,Z(ern) - 4a n(n +1) [Pn 2(n m +n)Pn
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+ (n+m)(n-m+1)(n+m-1)(n-m+2)PM 2] (3.26)
eim)\ m+2 2 2 m
S2,1(Crr1n) = _ml—)[Pn + 2(“ +m +n)Pn
+ (n+m)(n-m+1)(n+m-1)(n—-m+2)PM 2] (3.27)
ieim)\ 2
SZ,Z(Crrln) = Wl—)[Prrp—l + Zm(n +m)Prr1n—1

- (n+m)(n-m+1)(n+m-1)(n+m-2)PM2] . (3.28)

The terms in any first-order partial differential equation on the sphere can be expressed
in terms of the elements of S given in (3.12). Although this approach can be used for
any partial differential equation it is not as efficient as the approaches defined in the
early part of this section. The evaluation of s;,, S35, Sy, and sy, using (3.17)
requires six Legendre-type transforms rather than eight because s 1(C[") = —5,,(Cy)
and sy ,(B") = —5,1(By). Note that the Legendre-type transforms require a synthesis
in terms of linear combinations of P defined in (3.20) through (3.28). Forming these
linear combinations may increase the computing time unless they are precomputed and
subsequently used for repeated transformations. It may be possible to further reduce
the number of syntheses because the four elements in the upper left of (3.12) are not
independent since only two fields, such as the divergence and vorticity, are required to
completely specify the vector function.

This approach may be more efficient than computing C in (3.11) and then S from
(3.13). However, it is more expensive than the two approaches given for the shallow
water equations at the beginning of this section.



-31-

4. Computational methods

In this section we will describe efficient and accurate methods for computing P.(6),
V(®), and W(B). We will also describe the computation of the integrals in the har-
monic analyses both on a Gauss and equally distributed latitudinal grid. Several com-
ments on spectral truncation and aliasing are included at the end of the section. The
purpose of this section is to provide the numerical techniques that are central to the
computer implementation of the harmonic transforms and thereby provide the means to
implement the theoretical developments that were presented in the previous sections.
Two methods for computing the associated Legendre functions are presented. The first
is the Fourier method which can be used to tabulate the P[(B) as a function of 6 for
any m and n independent of any other m and n. The second method uses the
recurrence relation (5.14) and is more efficient when the complete set of P[(6) for
m<n <N are required.

We begin now with a description of the Fourier method. If areal trigonometric series
is substituted into (2.2) then it can be determined that the P;1(6) have one of the fol-
lowing trigonometric forms depending on the parity of m and n.

n2
PrY(6) = ¥ anxcos2ko n even ; m even 4.2
k=0
n2
PY(8) = 3 annksin2k6 n even ; m odd 4.2)
k=1
(n+1y2
PY(®) = 3 annksin2k-1)8 n odd ; m even (4.3)
k=1
(n+1)y2
PY() = S ayn,kcos(2k-1)0 nodd ; m odd . (4.4)
k=1

The coefficients a, , x can be determined from the following three term recurrence
relations that result when (4.1) through (4.4) are substituted into (2.2). If n is even,
then

[(2k-1)(2k-2)-n(n+1)]ay, -1+ 2[4k>—n (n+1)+2m?|ay, o
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+ [(Zk+1)(2k+2)-n(n+1)]ay, nk+1 = 0. (4.5
And if n is odd, then
[(2k-2)(2k-3)-n(N+1)]a n k-1 + 2[(2k-1)>-n (N +1)+2m?]ay,  «
+ [2k (2k+1)-n (N+1)]am n ks = O - (4.6)

Although these relations define an infinite set of tridiagonal equations they have a
solution with a finite number of non zero a, ,  For example, in (4.5) the coefficient
of ay, k-1 is zero for k=n2+1 and the coefficient of a,, .1 is zero for k=-n2-1.
The resulting set of equations corresponding to k=—n/2 to k=n/2 is singular with a
nonzero solution a, , . Furthermore, it can be shown that a, , , =+a, , x depend-
ing on the parity of m and n which can be used to halve the number of equations and
simplify their solution.

A nontrivial solution to the resulting singular system of equations can be deter-
mined by inverse iteration or by the following method that also produces the correct
scaling. The coefficient a, , , is first computed from Rodrigue's formula, and the
remaining coefficients a, , , are determined by a backward recurrence of either (4.5)
or (4.6). A backward recurrence can preserve the relative accuracy of the a, ,  for
large values of k, even though they may be much smaller than machine epsilon times
the maximum a;, , . This permits one to formally differentiate the trigonometric
series and obtain an accurate value of the derivative of P/(6) which is necessary for
V(o).

Consider now the computation of a, , , from Rodrigue’s formula (2.1). Expand-
ing the highest power of both sin@ and cosB, we obtain the coefficient of the tri-
gonometric term with the highest wave number n.

n—-m
ey~ 1 (D) 2 (2n)
P,'(6) = e [ ST (n=m)! cosn 6+ ] 4.7
for n—m even, and
n-m-1
R i G I ) L
PL(6) = iy [ ST GE) sinn 6+ ] (4.8)
for n—m odd. Therefore,
n-m
2
8nnn = (-1) (2n)! n—m even (4.9

ZIo1 (n-m)!
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n-m-1

- (D (2n)!
8mnn = I (=) n-m odd . (4.10)

As previously mentioned, the remaining a,,, ae determined by the backward
recurrence of either (4.5) or (4.6). Although the Fourier method can be used to com-
pute any P(B), it is not as efficient as using a recurrence relation that relates P/1(6)
with adjacent m and n.

The Fourier method is an efficient way of computing Pf(6) when only a few
functions must be computed, particularly for large values of m and n. However, the
harmonic transforms require a complete set of the functions that are computed
efficiently using the four-point recurrence relation (5.14). This recurrence can be ini-
tialized by computing P,%(6) and P.}(8) using the Fourier method. It can aso be used
to compute Pf(0) for m=n and m=n-1 by setting PJ(6)=0 for n<m. This
recurrence has the following characteristics.

1. Thevaluesof m and n form a square with stride two in m,n space. Therefore, it
can be used to compute values of m and n such that n—-m is even (odd) without
computing values of m and n such that n—m is odd (even). This can be used to
halve the amount of computation for solutions that are symmetric or antisym-
metric about the equator. The recurrence can be used to compute P(0) that are
even about the equator without computing odd P(8) and vice versa. When sym-
metries permit, this enables models to be formulated on the hemisphere which
halves the computation.

2. Unlike other recurrence relations for P/1(6), the coefficients in (5.14) do not have
a functional dependence on latitude 8. Hence, the derivative of P[(6) also
satisfies (5.14). From (2.12)

ve) = VD v, @) + (nsm-2)(nsm-3viZ @)

— (n-m+1)(n-m+2)V""2(6) . (4.11)

This recurrence can be initialized from V,%(8) and V.}(8) which can be obtained by dif-
ferentiating the trigonometric series for P,%(0) and P(6). A recurrence relation for
WM(B) can also be obtained by substituting P(8) = m™1cosBW™M(6) into (5.14).
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wie) = V20D g, ) -+ OISy o

_ m(n-m+1)(n-m+2)
m-2

WM-2(g) . (4.12)

Since W/(8) = 0, (4.12) must be initialized with W.1(8) and W,%(6). Both can be com-
puted from a trigonometric series that is obtained from the trigonometric series for
P.1(8) and Pn2(e). This completes our discussion of the computation of the associated
Legendre and related functions.

Consider now the approximation of the integrals in the harmonic analyses. We begin
with the approximation of the integrals on an equally spaced latitude grid.
Machenhauer and Daley (1972) developed a discrete transform for equally spaced lati-
tudinal points that are as accurate as Gauss quadrature. An outline of their develop-
ment will be presented here however, a detailed description can aso be found in
Swarztrauber (1979). An anaysis using Gauss quadrature with N points is exact for
any function with a finite expansion.

@A,0) = % zn Pr(8)(anm ,cosmA+by, ;sinmA). (4.13)

n=0 m=0

However, an exact analysis of (4.13) can also be developed on an equally spaced grid

6, =-m2+imN fori =0, ..., N. From (2.23) we obtain
w2
amn = O [ an(B)Pr(B)cosBd6 (4.14)
-T2
where
2m
an(0) = J' @(A,0)cosmAdA . (4.15)
0

For even m it can be shown that P/1(6) and hence a,,(6) have a cosine expansion in
terms of colatitude 12-6 with wave numbers that are less than or equal to N since
@(A,0) has the finite expansion (4.13). Hence, a,,(0) is given exactly by

2 di N"am(ei )cosk (Tv2-8, )] cosk (T12-6) . (4.16)

an(8) = —
N =0 i=o
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The double prime notation on the sum indicates that the first and last terms are multi-
plied by ¥>. Substituting (4.16) into (4.14) we obtain the desired formula

A = 3 Z0)an () @.17)
i=0
where
2 w2
Z{7(6;) = = 3" cosk (2-6,) | cosk (r2-6)P{(@)sin6d0 (4.18)
k=0 -2

A similar development for odd m yields formulas like (4.17), but with i =1,...,N-1 and

N w2
% "sink(n2-8;) | sink (72-B)P7(6)sin6d 6 . (4.19)
k=0 -T2

Z®) =

The main difference between the equally spaced and Gauss analysis is that the weights
Z(6;) are functions of the three index variablesi, m, and n. Nevertheless, use of the
ZM(6,) in the analysis is consistent with the use of P[(6;) in the synthesis and
requires the same computational effort.

The finite representation (4.13) is called a triangular truncation because the the values
of m and n that correspond to nonzero a,, , and by, , lie in atriangle in (m,n) space.
A triangular truncation is preferred since the analysis of @A,8) will be exact for any
orientation of the spherical coordinate system. That is, the analysis is exact no matter
where the poles are located.

Just as (5.14) was used to compute both V'(6) and W(6), it can also be used to com-
pute Z(B). If the operator on the right side of (4.18) is applied to the recurrence
(5.14) then Z(B) is seen to aso satisfy (5.14). Therefore, Z(B) can be computed in
the same manner as P(6), namely:

1. Theintegralsin (4.18) and (4.19) are computed exactly by substituting one of the
exact forms (4.1) through (4.4) for P(6) formally integrating. These integrals
then constitute the Fourier coefficients in a trigonometric series which in turn
yield trigonometric expansions for Z7(0) similar to (4.1) through (4.4). A
noteworthy difference is that the range of summation in the trigonometric expan-
sion is equal to the number of latitudes, rather than n/2 or (n+1)/2, as in the case
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of the P;1(8). The fast Fourier transform can then be used to tabulate Z\(6; ).

2. Like the computation of P(8), one could use the Fourier expansion of Z(6) to
compute Z1(8) for any n and m. However, since all Z7'(6) are required for a
synthesis, it is more efficient to compute zno(e) and ZY(8) using the Fourier
expansion and the remaining Z(8) using (5.14) with P(6) replaced by Z7\().
This completes the discussion of the discrete transform for equally spaced latitu-
dinal points.

Consider now the computation of the Gauss Legendre quadrature. Gauss quadrature
also provides an accurate approximation to the latitudinal integrals required for both
the scalar and vector harmonic transforms. Here we will briefly review an effective
method (Golub and Welsch, 1969) for computing the Gauss latitude points X; =sing;
and weights w;. for j =1, ..., N.

For reasons that will become evident, we will use the normalized associated Legendre
functions

2n+1 (n—m)! &

PR®) = (DML

PM() (4.20)

and the normalized Legendre polynomials Py (x) :IS,\(,’(G) where x = sinB. It is known
that the Gauss points x; are given as the zeros of Py (x). If we define P_;(x)=0,
and use Po(x):]/\/_z, then the remaining P, (x) can be computed from the recurrence

— _ n — n+1 —
Fnlx) = V(2n+1)(2n-1) Po-a(x) * V(2n+1)(2n +3) Praalx) - (4-2)
Define the vectors p' (x)=[Pg(x), . . . ,Py_1(x)] and p; =p(x;). Golub and Welsch

(1969), credit Wilf with the following formula for the Gauss weights

Therefore, the zeros x; of Py (x) provide the Gauss points and they can also be used
to compute the weights using (4.22). We show now that the Gauss points X; and
weights w; can be computed from the eigenvalues and eigenvectors of a symmetric tri-
diagonal matrix. The QR agorithm can then be used to compute the eigensystem and
hence the Gauss Legendre quadrature.

Define T as the symmetric tridiagonal matrix with zero diagonal and elements
a,=nV(2n-1)(2n+1) below the diagona for n=1,...,N-1. Also define ey as an N-
vector with zero elements except for the last element which is 1. From (4.21)
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N

TeNDEn MO “29

Tp(x) =xp(x) +

T is symmetric since (4.21) is written in terms of the normalized associated Legendre
polynomials. If x; is a zero of Py (x) then P; =p(x;) is an eigenvector of T and hence
the Gauss points are given as the eigenvalues of T. Let qTJ' =(dyj,---,0nj) be @
normalized eigenvector of T, i.e. quqj =1. Since p; is aso an eigenvector of T it
differs from q; only by a multiplicative constant, i.e., g; =cp;. However, from (4.22)

w;pip; =1=0q;'q; =cp/p; . (4.24)
Therefore, ¢ =Vw; and hence g, ; =Vw; P(x;) = Vw;V2 which implies
w; =2q5; . (4.25)

This provides a convenient way to compute the weights for the Gauss Legendre qua-
drature. The Gauss points are given as the eigenvalues of the symmetric matrix T and
the Gauss weights w; can be computed from the first element of the jth eigenvector
using (4.25). Both the eigenvalues and eigenvectors can be computed efficiently using
the QR algorithm that is available in EISPACK (Smith, et.a., 1976). The Gauss
points on the sphere are given by 8; =arcsin(x;). The weights w; on the sphere are
symmetric about the equator.

We close this section with a brief discussion about spectral truncation and aliasing that
will also point out a somewhat subtle difference between the Gauss quadrature and the
discrete transform on an equally spaced latitudinal grid. Consider now the implementa-
tion of the vector harmonic transform method as defined in steps 1 through 4 follow-
ing equations (3.1) through (3.3). Because of the quadratic terms in these equations,
the number of coefficients in the exact spectral series are unbounded. Hence it is
necessary to truncate these series on the computer. There are three sources of error;
namely, series truncation, aliasing and roundoff. Of these three, aliasing can be elim-
inated by the following variant of step 1. First, a spectral truncation limit N is chosen
and applied to all the coefficients computed in step 1. Next, the truncated coefficients
are resynthesizing to produce filtered u, v, and ¢. Then steps 2. through 4. proceed
without aliasing on a Gauss grid with (3N +1y2 points or on a equally spaced grid
with 2N +1 points. The spectral truncation is restored by subsequent truncations and
resynthesizations that occur in step 1. The resynthesization in step 1 adds about 33%
to the computation for which one obtains a completely unaliased model in which the
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only sources of error are roundoff and the truncation of the spectral series. Indeed the
truncation in step 1. can be accumulated and provides a measure of the accuracy of the
method.

Note that one third more grid points are required if aliasing is to be avoided on an
equally spaced grid. However, in Browning, et.a. (1989) the vector harmonic
transform method on a equally spaced grid was implemented with (3N + 1)y2 points,
and the accuracy was comparable to the traditional spectral method that was also
implemented on (3N + 1y2 points. This is not surprising since the equally spaced
discrete transform and Gauss quadrature have the same accuracy, even though they
have different aliasing properties.
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5. Differential and algebraic identities

In this section the identities are categorized into three groups. The first group contains
differential identities that permit the evaluation of differential operators applied to the
spectral representation of either scalar or vector functions. Identities are provided that
assist in the evauation of divergence and vorticity or permit the reconstruction of a
vector function from its divergence and vorticity fields. Identities are also given that
provide for the computation of the gradient of a scalar field. This computation can also
be inverted, e.g., a scalar field can be reconstructed from its gradient. Finaly the vec-
tor surface Laplacian is defined with eigenvalues —n(n+1) and eigenvectors equa to
the vector spherical harmonics. This facilitates the straightforward computation of the
vector Laplacian and its inverse. The vector Laplacian corresponds to a diffusion
operator which provides a convenient way to include dissipation in fluid models on the
sphere.

The second group consists of selected identities that are satisfied by the associated
Legendre functions. These basic identities have been used elsewhere in this paper and
can be used to verify the new identities for the vector spherical harmonics that are
presented in this section. Proofs of the new identities are not presented, since they are
lengthy and in some instances they were developed using the a symbolic programming
system.

The third group consists of polynomial identities. The vector spherical harmonic with a
coefficient x, y, or z is expressed as a linear combination of vector spherical harmon-
ics. The purpose of these identities is to expand the class of applications to vector dif-
ferential equations that have polynomial coefficients. Most of the identities in this sec-
tion are used elsewhere in this paper. The remaining identities, such as those in the
third group, provide a reference to assist in the development of fluid models on the
sphere. The section closes with a review of the differential geometry of the spherical
coordinate system and a proof of equation (3.13).

We will now develop several differential identities and show that the vector spherical
harmonics are the eigensolutions of a second-order vector differential operator. This
result permits the inclusion and evaluation of a vector surface diffusion operator into
fluid models on the sphere. Let v = [u(),0),v(A,0)] and @\,08) be an arbitrary vector
and scalar functions defined on the surface of the sphere. We wish to evauate the fol-
lowing differential operators

(5.1)



[l op U

[l __9 U

- U

UcosB oA U

T | 0 Ju
d=0v= o0 [W(cosev) + 6_)\] , (5.3)
and
- _ 1 ,ov 0

(= k-Ogxv = ) [6_)\ W(coseu )] . (5.9

Next we define the second-order differential operators:

2 _ 1 0 J0) 1 %
Oso o 56_((:056 56_) + 25 2 (5.5
and
Lpv =0s(0gv), and Lcv = Ogx(k-Ogxv) . (5.6)

Finally, we define the differential operator that is central to the vector spherical har-
monics, namely

El]zu _2sin@ ov _ U S

0°  cos?® OA  cos’B [
Lv=Lpv+Lcv =[] , osinB  au v O (5.7)

2y + S0 04 0

B cos’® 0N cos®

If we substitute the vector spherical harmonics (2.11) into (5.3) and (5.4) and use (2.2)
we obtain

O0BM= “n(n+1)Y™ ; O,CM=0), (5.8)
and
k:OsxB'=0 ; k-OgxC"= =Vn(n+1)Y,". (5.9

Furthermore if we substitute (2.3) into (5.1) and (5.2) and use (2.11) through (2.13)
we obtain

O, Y =Vn(n+1)B" ; kxO Y =Vn(n+1)C". (5.10)
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From (5.8) and (5.9) it is evident that a vector field can be analyzed in terms of its
rotational and solenoidal parts following its analysis in terms of the vector spherical
harmonics. From these identities we obtain

LpBM=-n(n+1)B™, LpCM"=0, (5.12)
LcB™=0, LoCM=-n(n+)C™. (5.12)

Therefore,
LB'= n(n+1)B" and LC"'=-n(n+1)C]. (5.13)

Hence, the vector spherical harmonics are eigenfunctions of the second-order differen-
tial operator Lv corresponding to the eigenvalues —n(n+1). This completes the dif-
ferential identities. Consider now the following identities that are satisfied by the
associated Legendre functions. The first identity is used extensively for computing the
associated Legendre functions as described in Section 4.

(n+m)(n+m-1)P"1 — (n-m+1)(n-m+2)PMt + P —pm*l =0 . (5.14)

This identity demonstrates that all P,2™ can be written as a linear combination of P
and al P2M*! can be written as a linear combination of P, Hence, the associated
Legendre functions comprise a linearly dependent set of functions that satisfy the fol-
lowing algebraic identities.

% PM = %[(n+m)(n+m-1)PML + pm*l] (5.15)
% PM = %[(n-m+1)(n-m+2)PML + pMmil] (5.16)
sinB m _ m-1 m+1
m o0 Pn' = 7%[(n+m)(n-m+1)P;" ~ + Py "], (5.17)
m
U= %[P™ — (n+m)(n-m+1L)P7 Y | (5.18)

doé
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dp™
cosH dg - 2n1+1[(n+1)(n+m)P;,“_ - n(n-m+1)PM, ], (5.19)
cosBPf! = (PR — P (5.20)
CosBP! = = [(n+m)(n+m-1)PM 1 — (n-m+1)(n-m+2)PM1],  (5.21)
and
SiNBP' = - [(n+m)PLy + (N-m+1)Pf,] . (522)
n 2 -1 n+1

These identities are valid for all m and n if we define

D m (n-m)t
E( 1) mP if Omxn

-m —
P =g 0 it OmO>n -

(5.23)

The following identities can be derived from those given above and used to evaluate
the bounded differential expressions applied to the vector spherical harmonics.

. dP m
m sinb no.om pm
cos® d6 COSZB
- (n+m)(n-m+1)(n+m-1)(n-m+2)PM?] , (5.24)

_[Pm+2 + 2mPyT"

m dPy sing
+m
cos® do COSZG

- (n+m)(n-m+1)(n+m-1)(n+m-2)P; ] (5.25)

_[Pm+2 +2m(n+m)PM

1 dPyt sind
- _ _  +M—e
cos® do COSZG

+ (n+m)(n-m+1)(n+m-2)(n+m-1)P 3 ] (5.26)

_[Pm+2 + 2(n+1)(n+m)P™M,

and

sind dF’nm+ m2 .

1
PM= —[PM*2 + 2(n%+m2+n)P"
cos® do cos?o " 4[ : ( Pn
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+ (n+m)(n-m+1)(n+m-1)(n-m+2)PM2] . (5.27)

The next category of identities is for scalar and vector spherical harmonics with poly-
nomia coefficients; namely, for x =cosBcosA, y =cosBsinA, and z=sin@ times the
spherical harmonics. We begin with identities for the scalar harmonics.

n+m ,m +n—m+1 m

SINOYY' = e Yats + — Yo (5.28)
- 1
cosfe' My = m( = Yah) (5.29)
Siaum - (nHmM)(n+m=1) ,m-1
cosBe Y, = STl n-1
_ (n _m+1)(n _m+2) le;Tl—ll ] (530)

2n+1

We continue with identities for the vector spherical harmonics.

V(n-1)(n+1) n+m _
n Zn+1 "1
vn(n+2) n-m+1l _ ., im m
+ Bn+1 T ——— %“n
n+1 2n+1 n(n+1)

sind B =

(5.31)

i V(n-1)(n+1)

iApm — _ m+1
cosBe' "B, = —nEn+D) Bh-1
vn(n+2)

m+1 I m+1
+D(@n+1) Bn+1 + C s (5.32)

nin+l) "

cosbe

iagmz -D[+D) (n+m-D(n+M) 5 m-1
n- n 2n+1 n-1
_Vn(n+2) (n-m+1)(n-m+2)

n+1 2n+1 Bit (533)

i (n+m)(n—-m+1)

C m-1 ,
n(n+1) :
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V(n-1)(n+1) (n+m) cm
n on+1 "1

sindC" =

N vn(n+2) (n—-m+1) cmo 4 im m

— B .
n+1 2n+1 "1 ) " (5:34)

'(n-D(n+D) ~m+a

cosPe'\cm= - A" 7 cm
n nizn+1 "1

'n(n+2) m+1 i m+1
e+ O T REey o (5:35)

V(n-1)(n+1) (n+m-1)(n+m) cm-1
n 2n+1 n-1

_Yn(n+2) (n-m+1)(n-m+2)
n+1 2n+1

cosfe ' A\C" =

cmt (5.36)

_ i(ntm)(n-m+1) o mog
n(n+1) n

These identities are valid for all m and n if we define

U m (n-m)!
E( 2 (n+m)!
O 0 if OmO>n

B if OmXn

B = (5.37)

and

U -m)!
H-1)" (n—-m)!

0 (n+m)!
Cc-Mm= .
n 0 0 if Om O>n

Clif Omxn
(5.38)

The rest of this section contains a proof of equation (3.13) in Section 3. We begin
with a review of the differential geometry of the spherical coordinate system.

X =r cosBcosh ; y=r cosBsn\ and z =r sin@ (5.39)

has the modified Jacobian

0 1 8x 1 ox axg

DDa cosB O a 06 WD

_0 1 oy 1 oy oyUQO
V> 3 o® o @ 9o ar O (5:40)

o 1 0z 1 0z o0z 0

]
’|
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Define
U U
[A CO ﬂ acoseg}\_ coseﬁm
0 0x oy 0z 0
_ O 00 00 00 O
K—BaW N a?z_g' (5.41)
o or or o [
O o0x oy 0z O
then
Uox ax axg
DDOX dy 0z 0
_ 0oy oy oy 0O_
JK = ax oy 9z U I (5.42)
U U
0oz 9z 9z g
0ox dy o0z 0O
From (5.39) and (5.40)
El—sin)\ —sinB cos\ cos COS?\B
J=Q" = gcos\ -sinB sinA cosB sin\ (5.43)
0 o cosb sne O
which is orthogonal and hence from (5.42)
B —-sinA CcosA 0 B
K=Q = snBcosh —sinb sinA cosd . (5.44)

OcosO cosh  cosO sSinA sinB [

Equations (5.43) and (5.44) provide closed forms for the derivatives in (5.40) and
(5.41). From (5.39) through (5.44) we obtain:

dx _ drn de dr
i SinA a cosB ra sinBcosA a e + CcosH cosA 5 (5.45)
d_y=cos)\ acoseﬂ—sinesin)\ aﬂ+cosesin)\ 1 (5.46)
t dt dt dt
E = cosO a ﬂ + sinb 1 (5.47)

dt dt dt
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Since u=a cosBdxdt, v=adodt, w=dr/dt, X =dxdt, Y =dy/Adt, and Z =dz/t,
then (5.45), (5.46), and (5.47) have matrix form:

Ve = QT vg (5.48)
or
Vg = Q v, (5.49)
where
V¢ =(u,v,w) and v, = (X,Y, 2). (5.50)

At this point we begin the proof of (3.13). Since

oA 1 O 99 1 O  ar OV o
+ +

X 0P o Yoxa o8 Tax oo ©Y

ov, i
Q o~ =Q Ehcose

from (5.41) and (5.44) we obtain

v, . 1 oV, 6 cos\ 1 0V, 6 008\ oV, -
= - - - = +
Q 5% S Q 25 v~ SNP00A Q 2 5= + coB oA Q =(552)
From (5.49)
Dau D
0 O
0o o

oV, _ 0V dov O

Q5 =5 " Oar O (5:53)
0. O
0w
Oor O
From (5.48)
1 0v¢ 1 _9QT 1 O0Vs
QE 00 ‘aQae S a8 (5.54)
or
D -1 00 WO
1 0ve 1 OO0 1 0vs
— = 1 + X
Q3 aEpo 000" 7 39 (5.59)
M 0 00 WO



or

B 1 du B
U] a 06 1
10 _ OLlov, wi
a 00 Ua 96 aU
U] 1
gl W _ VO
Oa 00 an
Also from (5.48)
ov 0 T ov. U
Q 1 C - 1 [QaQ Vs+ SD’
acosd oA acosO [1° OA oA [
or
[lcosB O o U yO
ot Mo 1 s 0 0 D vios
N [l 0 v )
acos9 0 a cosb 00 -snd cos80 G0 acos® 0
or
J 1 9u _ wvsine | WB
DDacose_a_}\_ a cosb ED
1 o0 O 1 ov , usn® [
Q— = e Uil
acosh oA 0 3acosh oA acos® U
[l ]
g _L w_u g
0 a cosb oA a 0

Substituting (5.53), (5.56) and (5.59) into (5.52), we obtain

avc_s
Qgx =5

where x™ = (x,y, z) is the first column of Q and

0 1 o6u vsnd w 1 du
a

}—___——+ —_—
Dacose oA a cosb a 006
0 1 ov u sind 1 ov
= [ SR - 7+
B acos®h 0N acosh a 0o

ou
or
ov

ar

)

OoOoooO

(5.56)

(5.57)

_ > (558)
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(5.60)

(5.61)
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Proceeding in a similar manner for ov /0y and dv./0z, we obtain
QC=SQ o C=Q"SQ (5.62)
where

Oax  ax oax U

DDOX oy az
goy oadY OYD
= - 5.63
C= DDOX oy ZB (563)
0oz 92 9z g
0ox oy o0z [

which completes the proof of (3.13).

In Section 3 we develop a method for computing the bounded differential expressions
in (5.61) that is based on (5.62) and the Cartesian derivatives in (5.63). However, the
Cartesian derivatives cannot be computed for a function that is defined solely on the
surface of the sphere. One possible approach is to continue the solution on the surface
to a solution of Laplaces equation above the surface. Since the Cartesian velocity com-
ponents X, Y, and Z are smooth, they can be expanded in terms of the scalar harmon-
ics Y. The continuation is then obtained by multiplying each harmonic by either r"
or r ™1 depending on whether the solution is continued as an interior or exterior
solution of the three dimensional Laplace equation. The Cartesian derivatives can then
be determined by applying one of the following two sets of three identities
(Swarztrauber, 1981).

or"ym n-1
—= r2 [(n+m)(n+m-1)YMt — ymil] (5.64)

= [(n+m)(n+m-1)YM 1 + ymily (5.65)

and
or"ym
0z

=r" Y n+m)ym, (5.66)
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or
or (" +1)Yrqn r~(n+2) m-1 m+1
I - — [(N-m+L)(n-m+2)Yi7 — Yoir ], (5.67)
or (" +1)Yr?1 r~(n+2) m-1 m+1
3y =l— [(N-m+1)(n-m+2)Yyi + Yoir ], (5.68)
and
gr ~(N+D)ym
— 1 = A(n-m+¥™, . (5.69)

0z

The identities in this section have been drawn from severa sources including
Swarztrauber (1979, 1981), Morse and Feshbach (1953), Hobson (1955), and
Abramowitz and Stegun (1964). In addition Hill (1954) contains a discussion of the
vector spherical harmonics as well as severa identities.
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6. Summary and conclusions

In this paper we have developed the vector harmonic method for solving partia dif-
ferential equations in spherical geometry. A numerical implementation was described
with the objective to maximize performance while at the same time providing a rea
sonable balance between the utilization of main storage and minimizing the total
operation count. In previous work (Browning et.al., 1989) it was determined that the
operation count for the vector harmonic method is about 30% lower than the conven-
tional spectral transform method. This appears to be an artifact of the implementations
since the results in this paper, together with those published by Temperton (1991)
imply that the vector and traditional transform methods should require the same com-
puting time.

The attributes of the vector harmonic transform method are listed in the introduction.
Perhaps the most important attribute is associated with accuracy of the method. All
transforms are norm preserving and there are no divisions by the cosine of the latitude.
This latter point permits the inclusion of the poles as grid points but more importantly
it reduces roundoff error in the vicinity of the poles. This concept has not been that
important in the past. However, it is likely to become more important as model resolu-
tion increases, particularly for models running on powerful workstations with half-
precision (32-bit) arithmetic.

We close with an observation about spectral and finite-difference methods. The
difficulty in comparing spectral and finite-difference methods can be illustrated by the
following simple analysis. A spectral method with N modes requires O (N°) opera-
tions per time step compared with O (M?) operations for the finite-difference method
on an MxM grid. However, the accuracy of the spectra method is O(e™) compared
with O(M™®) for the sixth-order finite-difference method. Hence, for comparable
accuracy, N=6InM +C for some constant C. This implies that the operation counts for
the finite-difference and spectra methods are O(M?) and O[(InM)?] respectively.
Therefore, in the limit, the spectral method will require fewer operations to achieve an
accuracy that is comparable to the finite-difference method.
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