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Abstract

Numerical methods for solving the systems of partial
differential equations arising in geophysical fluid dynamics
rely on a variety of spatial discretization schemes (e.g. fi-
nite difference, finite element). For parallel execution on
distributed memory computers, the computational domain
must be partitioned. The choice of partitioning algorithm
can have a significant impact on the sustained floating point
execution rate of an atmospheric model. The NCAR spectral
element atmospheric model employs a gnomonic projection
of a cube onto the surface of the sphere. The six cube faces
are each subdivided into an array of quadrilateral spec-
tral elements. When the cubed-sphere is partitioned using
METIS, both computational load imbalance and communi-
cation requirements can lead to sub-optimal performance.
In this paper, Hilbert, Peano, and nested Hilbert m-Peano
space-filling curves are investigated as the basis of alterna-
tive partitioning algorithms. The resulting partitions allow
a maximum 22% increase in the sustained floating point ex-
ecution rate versus METIS onO(1000) processors, when
running a relatively high resolution climate simulation.

1. Introduction

The solution of partial differential equations in geo-
physical fluid dynamics requires enormous computational
resources. For example, climate simulation requires mul-
tiple, century long integrations of the equations governing
the earth’s atmosphere. The spectral element method is a
promising horizontal discretisation scheme for the construc-
tion of dynamical cores of climate models. The computa-
tional domain is subdivided into spectral elements, where
the model fields are approximated by a high order polyno-
mials. C0 continuity is imposed along element boundaries

that share degrees of freedom. In the spectral element at-
mospheric model (SEAM) originally developed by Taylor
et al [9], the sphere is tiled with rectangular elements by
subdividing the six faces of the cube, which circumscribes
the sphere, and then a gnomonic projection maps these ele-
ments onto the surface of the sphere.

The cubed-sphere computational domain is displayed
in Figure 1, where each cube face contains an array of
Ne×Ne quadrilateral spectral elements. The total number
of spectral elements isK = 6 × Ne × Ne. Parallel ex-
ecution on distributed memory computers implies that the
cubed-sphere must be partitioned acrossNproc processors.
For the purposes of partitioning we consider a spectral ele-
ment to be indivisible, and represents the atomic data struc-
ture assigned to a processor. Communication between pro-
cessors is determined by neighboring elements that share a
boundary or corner point.

Figure 1. The cubed-sphere with continental
outline for Ne = 8

Because climate modeling requires century long sim-



ulations, the spatial resolution is generally relatively coarse
and the parallelism is relatively high, resulting inO(1)
to O(10) elements per processor. Typical climate resolu-
tions require anywhere from K=384 (Ne = 8 ) to K=3456
(Ne = 24 ) total spectral elements. Previously, it was ob-
served that the floating point execution rate of SEAM, us-
ing partitioning algorithms provided by METIS [3], is ad-
versely affected by computational load imbalance when
running onO(1000) processors [4].

A promising technique for eliminating these load im-
balances is based on space-filling curves. Space-filling
curves (SFC) have been successfully applied in parallel
adaptive mesh refinement strategies [1] [7] [2] [5]. It has
not been widely recognized that these can be applied to
static partitioning as well. Consider a square domain of size
P ×P . A Hilbert curve can be used to partition this domain
if P = 2n, or a meandering Peano (m-Peano) ifP = 3m,
wheren andm are integers referring to the recursive level
[8] of the Hilbert and m-Peano curve respectively. A new
space-filling curve is introduced combining Hilbert and m-
Peano curves, allowing partitions of sizeP = 2n3m.

A comparison of the METIS and SFC approaches re-
veals significant differences in the floating point execution
rate obtained. While the execution rate of SEAM using the
SFC partitions is comparable to METIS at small processor
counts, the SFC partitions result in much faster execution
rates at large processor counts. The partitions generated by
the SFC algorithm lead to a maximum 22% increase in the
execution rate onO(1000) processors. Unlike METIS, the
SFC algorithm places restrictions on the problem size and
processor count and is not a fully general solution.

This paper is organized as follows. Section 2 reviews
graph partitioning and partitioning algorithms provided by
METIS. A review of space-filling curves, the introduction
of a combined Hilbert and m-Peano curve (Hilbert-Peano),
and an algorithm to generate a Hilbert-Peano curve are pre-
sented in Section 3. Results of several performance studies
are detailed in Section 4.

2. METIS partitioning

Partitioning of the cubed-sphere with METIS requires
the formation of an undirected graph. An undirected graph
G = [V ,E ] consists of a set verticesV and edgesE . Both
the edgesE and the verticesV can be assigned a numer-
ical weight. In the context of spectral elements, weights
associated with edgesE represent the amount of informa-
tion which must be exchanged along each element bound-
ary, while a vertex weight represents the amount of com-
putation associated with the element. A graph partition is

defined as the set of all sub-graphs created by the partition-
ing algorithm.

The METIS graph partitioning algorithms attempt to
minimize either,edgecut , or total communication volume
[3]. Edgecut is defined as the number of graph edges that
straddle all sub-graphs. Total communication volume is de-
fined as the number of vertices whose edges are cut by the
partition. Another important concept is theload balance
of a partition. The load balanceLB() of a set S =
{s1, s2, ..., sn} is calculated as

LB(S) = (max{S} − avg{S})/max{S}. (1)

The computational load balance of a partition is calculated
using (1) where S is the number of vertices contained in
each sub-graph. The communication load balance of a par-
tition is calculated where S is the number of vertices whose
edges are cut in each sub-graph. Because it is impossi-
ble to optimize all properties simultaneously, each of the
graph partitioning algorithms provided by METIS attempts
to minimize a particular property of the graph. METIS pro-
vides two fundamental graph partitioning algorithms; recur-
sive bisection and K-way partitioning. The recursive bisec-
tion (RB) algorithm is best for load balancing, but results
in larger edgecuts and total communication volume. The
K-way (KWAY) algorithm generates partitions that mini-
mize edgecuts but may result in sub-optimal load balance.
A variant of the K-way algorithm minimizes the total com-
munication volume (TV).

3. Space-Filling Curves

It has not been widely recognized in the literature
that space-filling curves can be used to construct a static
mesh partitioning algorithm. A space-filling curve is de-
fined to be a bijective function that maps a line into a multi-
dimensional domain. The mapping of a 2-dimensional do-
main is achieved in two steps. First, recursively divide
the initial or parent domain into four child sub-domains.
Next, connect neighboring sub-domains with a space-filling
curve. Panela of Figure 2 illustrates a parent domain and
its four child sub-domains connected by a level 1 Hilbert
curve. Themajor vector indicates orientation and direc-
tion of travel for the U-shaped Hilbert curve through the
parent domain. Panelb of Figure 2 illustrates both the ma-
jor vector and thejoiner vector for each child sub-domain.
The joiner vector points in the direction of the next sub-
domain visited by the space-filling curve. The orientation
of the major vector computed for each of the sub-domains
is based on the mathematical definition of a Hilbert curve
[8]. Note that our use of the term vector is based on the



direction and axis terminology first introduced by Pilk-
ington and Baden [6]. Given the major vectors computed
and displayed in panelb of Figure 2, the resulting refine-
ment into a level 2 curve is illustrated in panelc of Figure
2.

Figure 2. Refinement of Hilbert curve from
level 1 (left) to level 2 (right). Note the pres-
ence of the major and joiner vector for
each of the sub-domains in the center image.

Pseudo code for the generation of a Hilbert curve is
displayed in Figure 3. A single block of code which re-
fines the[0, 0] sub-domain is given. A complete implemen-
tation would require three additional blocks of code for the
remaining sub-domains. The variablesma,md, ja andjd
passed to the Hilbert() subroutine define the major vector
and joiner vectors for the parent curve respectively. The
variableslma andlmd define the major vector andlja and
ljd define the joiner vector for the refined child curve. The
exact relation between parent and child vectors for each
sub-domain is given in Figure 2 . The code block will, de-
pending on the value oflevel, refine the sub-domain with
a recursive call to Hilbert() or add the sub-domain to the
curve. A sub-domain is added to the curve by increment-
ing the countercount and storing it in the 2-dimensional
variabledomain. The order of this traversal represents the
mapping of the 2-dimensional domain into a line.

A Hilbert curve is only one type of space-filling curve.
There exists a family of curves with similar properties [8].
Peano curves allow for a 3-fold refinement. A level 1 me-
andering Peano curve (m-Peano) is displayed in panela of
Figure 4. The m-Peano curve, can be refined using the ma-
jor and joiner vectors, analogous to the Hilbert curve. The
major and joiner vectors associated with the sub-domains of
the m-Peano curve are illustrated in panelb of Figure 4.

Here, we introduce a new type of space-filling curve
combining the Hilbert and m-Peano curves. A nested
Hilbert and m-Peano curve (hereafter referred to as Hilbert-
Peano) permits the creation of space-filling curves of size
2n3m, wheren andm are integers referring to the recur-

!---------------------------------------------
! the size of the domain to subdivide
integer, parameter :: np = 8
! Current # of sub-domains connected to the SFC
static integer :: count
! The domain to subdivide
static integer :: domain(np,np)
! The current pos. of the curve in the domain
static integer :: pos(2)
function Hilbert(level,ma,md,ja,jd)

integer :: level ! Level of SFC
integer :: ma,md ! parent major axis, dir.
integer :: ja, jd ! parent joiner axis, dir.
integer :: lma,lmd ! child major axis, dir.
integer :: lja,ljd ! child joiner axis, dir.

!---------------------------------------------
! Sub-Domain [0,0]
!---------------------------------------------
! Find the axis perp. to the current main axis
lma = MOD(ma+1,2)
! Direction along axis same as main direction
lmd = md
lja = lma ! Use the same joiner axis
ljd = md ! Use the same joiner direction
if (level .gt. 1 ) then

ierr = Hilbert(level-1,lma,lmd,lja,ljd)
else

domain(pos(0),pos(1)) = count
count=count+1
pos(lja) = pos(lja) + ljd

endif
...

end function Hilbert
!---------------------------------------------

Figure 3. Pseudo code for the generation of a
Hilbert curve. Note that this only includes a
single code block for the [0,0] sub-domain.

sion level of the Hilbert and m-Peano curves, respectively.
This nesting is possible because the major vector of both
the Hilbert and m-Peano curve traverses the domain along
a single axis. This observation motivates us to define the
Hilbert-Peano curve. A level 2 Hilbert-Peano curve that
connects 36 sub-domains is displayed in Figure 5. Note that
the curve is generated by first performing a m-Peano refine-
ment followed by a Hilbert refinement. The code modifi-
cations necessary to generate the Hilbert-Peano curve are
minor and are based on the addition of a routine to make
the refinement type a function of the recursion level.

It is straightforward to extend the SFC approach to the
cubed-sphere. Let each spectral element on a cube face be
a sub-domain. The SFC traversing each single cube face
is generated first. The beginning and end of the space-
filling curve on each face must be aligned with the curves



Figure 4. A level 1 m-Peano curve (left) and
the major and joiner vectors necessary for
the refinement for each of the sub-domains
(right).

Figure 5. A level 1 Hilbert-Peano space-filling
curve.

on adjoining faces in order to construct a single continuous
space-filling curve that traverses the entire cubed-sphere.
A flattened cube with a level 1 Hilbert curve mapped onto
the cube is displayed in Figure 6, along with a perspective
drawing of the same image. The space-filling curve is then
subdivided into equal sized segments to achieve the parti-
tioning.

4. Results

The impact of various partitioning strategies on the
sustained floating point execution rate of SEAM has been
evaluated using the new IBM P690 cluster recently installed
at NCAR. The system contains a total of 1024 1.3 GHz
Power-4 processors connected by a dual plane ’Colony’ net-
work. The system contains 92 8-way SMP nodes and nine
32-way SMP nodes. The system is configured so that a
maximum of 768 processors is available to a single paral-
lel application.

Figure 6. A mapping of a level 1 Hilbert curve
onto the flattened cube (left) and perspective
drawing (right)

Four different cubed-sphere resolutions were used to
test the effectiveness of the Hilbert, m-Peano and Hilbert-
Peano algorithms. Model resolutions corresponding to
Ne = 8, 9, 16, and18 were tested. The element count
K, number of processorsNproc, number of spectral ele-
ments along a cube faceNe, and SFC configurations are
summarized in Table 1. Execution times and floating point
execution rates were measured over a range of processor
counts, chosen specifically so that an equal number of spec-
tral elements are allocated to each processor.

K Level of SFC
(# of elements) Nproc Ne Hilbert m-Peano

384 1 to 384 8 3
486 1 to 486 9 2
1536 6 to 768 16 4
1944 6 to 486 18 1 2

Table 1. SEAM test resolutions

In general, our results indicate that Hilbert curve par-
titions lead to higher execution rates (equivalently lower
execution times) than METIS generated partitions. The
speedup of execution times versus a single processor for
the K=384 (Ne = 23) case is displayed in Figure 7. Note
the single processor execution rate of 841 Mflops amounts
to 16% of peak performance on the Power-4 processor. At
small processor counts, SFC partitions result in speeds com-
parable to the METIS partitions. The advantage of the SFC
approach occurs above 50 processors where each proces-
sor contains less than eight spectral elements. The SFC
algorithm results in 37% better performance than the best
METIS generated partitions on 384 processors.

The K=486 (Ne = 32) resolution, which employs m-
Peano curves, shows similar improvement in speedups. The
speedup of execution times versus single processor in the
K=486 case is displayed in Figure 8. The advantage of the
SFC approach occurs above 50 processors. The SFC algo-
rithm results in a 51% performance improvement over the



best METIS generated partitions on 486 processors. These
results validate the effectiveness of the m-Peano curve for
size3m problems.

The K=1536 (Ne = 24) resolution, shows a 22% im-
provement in execution rate at 768 processors. The compu-
tational and communication load balance (LB) , total com-
munication volume (TCV), edgecut and execution time per
time-step for the K=1536 resolution on 768 processors are
located in Table 2. Note thatnelemd is the number of spec-
tral elements per processor, andLB(nelemd) is the compu-
tational load balance.Spcv is the communication volume
for a single processor, andLB(spcv) is the communication
load balance. Note how reductions in LB(nelemd) corre-
late to reduction in the execution time per time-step. This
relation holds because the computational time accounts for
> 50% of the total time per time-step. The difference in
the execution time between the KWAY and TV generated
partitions are caused by the reduction in the total communi-
cation volume. The KWAY technique generates a partition
with a total communication volume of 16.8 Mbytes versus
17.7 Mbytes for TV. This result directly contradicts the ex-
pected minimization property of the TV algorithm and war-
rants further investigation.

Metric SFC KWAY TV RB
LB(nelemd) 0.0 .33 .33 .5
LB(spcv) 0.0 .45 .43 .40

TCV (Mbytes) 16.5 16.8 17.7 16.4
edgecut 2903 2646 2853 2765

Time (µsec) 1785 2195 2497 2572

Table 2. Partition statistics for K=1536 on 768
processors

The advantage of the SFC algorithm for the K=1944
(Ne = 2132) test case, which employs a Hilbert-Peano
curve is less apparent. The SFC algorithm does offer a 7%
performance advantage on 486 processors, which represents
4 elements per processor. This result can be compared to
the K=384 test case on 96 processors, which has the same
number of elements per processor. The K=384 case demon-
strates a 13% advantage for SFC compared to 7% for the
K=1944 case. We are investigating whether this result is
due to timing abnormalities, or an inherent property of the
Hilbert-Peano curve algorithm.

Plots of the total sustained Gigaflops for both the
K=384 and K=1536 tests are displayed in Figure 9 and 10
respectively. It can be observed that the SFC algorithm
leads to a 37% increase in overall floating point execution
rate for the K=384 test case on 384 processors and 22% for
the K=1536 test case on 768 processors.

Figure 7. Speedup for METIS and SFC algo-
rithms versus single processor for K=384 el-
ements.

5. Conclusions/Future Work

We have presented an algorithm to partition the cubed-
sphere using space-filling curves. The use of major and
joiner vectors motivated us to propose a new partitioning al-
gorithm, recursively combining Hilbert and m-Peano curves
and capable of generating a size2n3m space-filling curve.
The Hilbert-Peano curve permits the SFC algorithm to be
applied to a much broader range of problem sizes. It was
shown that both Hilbert and m-Peano based partitioning al-
gorithms offer performance advantages of up to 37% and
51%, respectively, over METIS generated partitions. Un-
like METIS, the SFC algorithm places restrictions on the
problem size and processor count. The latter is not a fully
general solution and both are retained in SEAM.

Several questions remain unanswered, and will require
further study. It remains to be determined why the TV algo-
rithm does not generate partitions that minimize total com-
munication volume. The impact that refinement order has
on the Hilbert-Peano curve should also be explored and an
explanation is lacking of why the performance improve-
ment is only marginal. Experimental results on systems
with greater than 768 processors should be obtained in order
to investigate the scaling properties of the SFC approach.
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